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Since the 70’s it is apparent that spiral galaxies 
have some form of dark halo component

Im
ag

e 
cr

ed
it:

 A
m

er
ica

n 
In

st
itu

te
 o

f P
hy

sic
s

Rubin et al. (1978)



The rotation curve of the Galactic disk requires 
some form of dark component

A&A 549, A137 (2013)
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Fig. 6. Comparison of the best-fitting model rotation curve (solid black line) with terminal velocities from surveys in H i (red circles) and in CO
(green diamonds), as well as maser observations (blue squares) for Model III.
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Fig. 7. Visualization of the correlation between Mh and ah in Model III.
The meaning of the cross, curves, and shaded regions is the same as in
Fig. 3 except that the red dashed line defines loci of constant halo mass
inside a sphere of radius 18.8 kpc.

uncertainties in current positions and velocities via Gaussian
distribution, are computed for HE 0437-5439 and LMC in-
dependently using the input parameters listed in Table 4.
The distributions of pericenter distance dp, its corresponding
point in time Tp, and relative velocity vp derived from the re-
sulting sample of 108 combinations of orbit pairs are insensi-
tive to the choice of the mass model (see run #1a in Table 5),
and they confirm the results of Brown et al. (2010) (dp =
13 kpc, Tp = �23 Myr) based on the Kenyon et al. (2008)
Galactic potential and identical input values. Since dp ex-
ceeds the radii of LMC’s central region RLMC

cen = 3 kpc, as
well as the outermost regions RLMC

out = 10 kpc (Brown et al.
2010), an origin in the LMC seems unlikely in this context.

2) Next, the LMC proper motions of Table 4 are replaced by
(µ↵ cos �, µ�) = (+1.94±0.29,�0.14±0.36) mas yr�1 (Kroupa
& Bastian 1997) to explore their influence on the outcome.

Table 4. Kinematic input parameters.

Parameter Value
HE 0437-5439 LMC

↵ (J2000.0) 4h38m12.s8a 5h27.m6d

� (J2000.0) �54�3301200a �69�520d
distance (kpc) 61 ± 9b 50.1 ± 2.4e

µ↵ cos � (mas yr�1) 0.53 ± 0.25(stat) ± 0.33(sys)c 2.03 ± 0.08 f

µ� (mas yr�1) 0.09 ± 0.21(stat) ± 0.48(sys)c 0.44 ± 0.05 f

vrad (km s�1) 723 ± 3a 262.2 ± 3.4d

Notes. Uncertainties are 1�.
References.

(a) Edelmann et al. (2005); (b) Przybilla et al. (2008);
(c) Brown et al. (2010); (d) van der Marel et al. (2002); (e) Freedman
et al. (2001); ( f ) Kallivayalil et al. (2006).

Performing the same Monte-Carlo method as before, all
three models give smaller pericenter distances (see run #2
in Table 5) and thus closer encounters of the two objects.

3) Assuming the CTI of ACS to be rising linearly in time,
Brown et al. (2010) applied 55% of the epoch-2 CTI correc-
tion to their epoch-1 images. According to Massey (2010),
however, there was a dramatic increase in the CTI be-
tween the two epochs that lead to an overcorrection in the
epoch-1 data by Brown et al. implying proper motions of
HE 0437-5439 that were larger than stated in Brown et al.
(2010). The corresponding e↵ects are roughly estimated
here by adding the systematic errors to the mean value
and omitting them afterwards, i.e., by using (µ↵ cos �, µ�) =
(+0.86± 0.25,+0.57± 0.21) mas yr�1 as input for the Monte-
Carlo calculation. The resulting distributions (see run #3a in
Table 5) are still almost model independent and visualized
for Model III in the upper panel of Fig. 8. In all three models,
about 10% of all orbit pairs yield pericenter passages within
the central region, i.e., dp  RLMC

cen , or 76% in the outermost
regions of the LMC (dp  RLMC

out ). Out of these, 2% (21%)
have shorter flight times than the star’s age of 18 ± 3 Myr
(Przybilla et al. 2008). Thus, 0.2% (16%) of the trajectories
are consistent with an origin in the inner (outer) LMC without
invoking additional requirements, such as a blue straggler na-
ture. The decrease in pericenter distances due to CTI e↵ects
(Table 5: run #2 versus run #3a) is stronger than when they
are due to a change in LMC proper motions (Table 5: run #1a
versus run #2).
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HI CO Masers

Irrgang et al. (2013)

Mdark = 1.7 1012 Msun



Dark matter halos in LCDM are complex and 
mostly triaxial structures



Tidal streams help us understand the parts of the 
Galaxy which are dark in more detail

Bonaca, Geha & Kallivayalil (2012)



Tidal streams help us understand the parts of the 
Galaxy which are dark in more detail

5

Fig. 1.— Filtered surface density map of the eastern portion of the northern footprint of the Sloan imaging survey. East is upwards and
north is to the left. The map was generated using a matched-filter based on the color-magnitude distribution of stars in NGC 5053, shifted
to a distance of 18 kpc. The map has been background-subtracted and smoothed as described in the text. The Sloan survey coordinate
system is used so that survey scans (and any discontinuities which could be mistaken for streams) run vertically in the figure. The stretch
is linear and lighter areas indicate higher surface densities. Previously discovered streams (Odenkirchen et al. 2001; Grillmair 2009) are
indicated.

Grillmair (2014)



Sagittarius was the first stream used for probing 
the Milky Way’s dark halo



Models of the stream prefer a triaxial halo with the 
intermediate axis aligned with the disk z-axis

Law & Majewski (2010)



Different streams probe different parts of the 
Galaxy

Constraining the Milky Way Halo Shape Using Thin Streams 5

Figure 3. Orbits of selected Milky Way streams: Sagittarius (solid line); Pal 5 (dash line); and NGC 5466 (dash-dotted line) in the
triaxial potential of Law & Majewski (2010). The starting point of the integrations are marked by black diamonds. The plots show
di↵erent projections in Galactic coordinates x, y, z. The Galactic centre is marked with a black filled circle; the Solar position with a
small open circle. The Galactic disc is denoted by a circle in the x� y-plane and a line in the other two.

all other streams appear in Table 2.
With the above cuts, we are left with the globular clus-

ter streams NGC 5466 and Pal 5. This constellation of two
thin streams with perpendicular orbital planes that lie at
similar Galactocentric distance makes an intriguing couple
for constraining the MW halo shape. Furthermore, they have
comparable distances and therefore probe the same halo
shape, even if the shape has some radial dependence. We
use our test particle method to determine the constraining
power of these streams in 5.

4 METHOD

In this section, we describe our implementation of the test
particle fitting method.

4.1 Test particle orbit integration

We integrate the test particle orbits using the Orbit Int

code described in Lux et al. (2010). The initial starting point
of the integration was chosen to be the progenitor of the
stream. We transform the resulting orbits into observable
coordinates using M. Metz’s tool bap.coords3 (Metz et al.
2007). We adopt 8.0 kpc as the distance of the Sun to the
Galactic center. The velocities of the local standard of rest
(LSR) are adjusted to the circular velocity at that distance
in the respective potential model and the peculiar motion
of the Sun has been assumed to be (9.96, 5.25, 7.07) km/s
(Aumer & Binney 2009). As our fiducial model, we adopt
the potential used in Law & Majewski (2010) consisting of
a Miyamoto & Nagai (1975) disc:

�
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The disc mass is set to M

disc

= 1.0 ⇥ 1011 M� with a scale
length a = 6.5 kpc and scale height b = 0.26 kpc. The mass
of the bulge is fixed at M

bulge

= 3.4⇥ 1010 M� and its scale
length c = 0.7 kpc. The logarithmic potential is chosen in
such a way, that the circular velocity of the total potential at
the position of the Sun (R� = 8kpc) is equal to 220 km/s.
This means that v

halo

= 121.86 km/s, for r

halo

= 12 kpc,
q

1

= 1.38, q
2

= 1, qz = 1.36 and � = 97�.
In the above potential parametrisation, q

1

and q

2

are
the Galactic halo shape parameters, fixed to lie in the disc
plane. The angle between them is �. For � = 0�, q

1

describes
the shape along the x-axis of the halo potential. Without loss
of generality we keep q

2

= 1 fixed throughout as any shape
can be described by varying q

1

and �. Because of this spe-
cial configuration, in our evaluation � is only meaningfully
recovered as long as q

1

is well constrained. qz denotes the
shape parameter along the z-axis, i.e. the axis perpendicular
to the disc plane.

The mass of the di↵erent components of the Milky Way
potential are already constrained by other tracers – the
rotation curve (e.g. Gómez 2006), and mass modelling of
stellar halo stars (e.g. Xue et al. 2008). For this reason,
we hold these fixed and fit only the shape parameters to

c
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Lux et al. (2013)
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Modeling of Streams

Orbit Fitting low accuracy fast

Orbit Fitting with 
some offset

Restricted three-
body

Collisionless 
simulations

Direct N-body 
simulations high accuracy slow
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Streakline modeling



Stars escape through the Lagrange points with low 
offset velocities

Clumps in the tidal tails of star clusters 971

Figure 2. Top: effective potential of a star cluster in the corotating frame.
L1 and L2 are the Lagrange points. Bottom: sketch of escaping stars in the
effective potential of a star cluster through the Lagrange points L1 and L2.

energy exceeding the critical value EJ,crit = !eff (L1/L2) can in
principle leave the cluster.

For the effective potential we get at y = 0,

!eff (x, 0) = β2
C − 4

2
#2

Cx2 + !cl(x, 0). (11)

The tidal radius rL is given by the distance of the Lagrange points
to the cluster centre. It is determined by

0 = d!eff

dx
= #2

C

(
β2

C − 4
)
rL ± GMcl(rL)

r2
L

, (12)

where Mcl(rL) is the cluster mass enclosed in |rL|. We find the
well-known equation for the tidal radius:

r3
L = ±GMcl(

4 − β2
C

)
#2

C

, (13)

where we assumed that the full cluster mass is enclosed in |rL|. The
effective potential at the Lagrange points is

!eff (|rL|, 0) = EJ,crit = −3
2

(
4 − β2

C

)
#2

Cr2
L = −3

2
GMcl

|rL|
. (14)

The last expression shows that the contribution from the star cluster
potential is twice that of the effective potential of the Galaxy.

A star starting near L1 or L2 with velocity vL escapes at constant
Jacobi energy but with changing energy and angular momentum
until the cluster potential can be neglected. Then the position (x, y)
and velocity v = (vr, vt) in the tidal tail are related to (rL, 0) and vL

by

EJ = !eff (rL, 0) + v2
L

2
= !g,eff (x) + v2

2
, (15)

leading to

x2 = 3r2
L + $(v2)(

4 − β2
C

)
#2

C

(16)

or

x2

r2
L

= 3 + $(v2)
GMcl/|rL|

(17)

with $(v2) = v2 − v2
L. Stars moving along the equipotential surface

[$(v2) = 0] yield as initial position x =
√

3rL and initial velocity
essentially tangential vt ≈ vL. This approximation fits well with
the radial position of the equipotential surface through L1/L2 at
large distances from the cluster in Fig. 2. Stars moving radially gain
kinetic energy ($v2 > 0) resulting in a larger x and stars starting
tangentially loose kinetic energy ($v2 < 0) leading to a smaller x.

For a continuous mass loss until dissolution it is necessary that
the Jacobi energy of bound stars is lifted above the critical value
EJ,crit, which increases due to the mass loss. There are two physical
effects, which are responsible for a continuous mass loss of the
cluster. The first one is triggered by the mass loss of the cluster
itself. Mass loss on a time-scale large compared to the dynamical
time of the cluster leads to an increase of EJ of the bound stars by

dEJ

dt
= δ!cl

δt
∝ Ṁcl. (18)

However, the critical value EJ,crit increases more slowly, because the
tidal radius decreases with decreasing mass:

d!eff (rL, 0)
dt

∝ Ṁ
2/3
cl . (19)

Initiated by mass loss due to stellar evolution or by a few stars above
EJ,crit mass loss will continue by stars lifted above the critical value.

The second process is dynamical evolution of the cluster due to
two-body encounters. With the relaxation time-scale stars are scat-
tered above EJ,crit and can leave the cluster. The relative importance
of the two effects depends on the mass, number of stars and the
structure of the cluster.

2.3 Dynamic parameters of tidal tail stars

Since the orbits are epicycles perturbed by the acceleration of the
cluster, the connection of the initial position and velocity (rL, vL) to
(x, v) at a later time, when the cluster potential can be neglected, is
very complicated. Here we are interested in the statistics of initial
and final properties of the escaping stars.

For the transition from bound stars to escaped stars, we need to
combine the motion in the frame corotating with the cluster RC, #C

and that in the non-rotating reference frame, where we derived the
properties of the epicycles around R0, #0. For measuring the shape
and kinematics of the tidal tails we stay in the corotating rest frame
centred at the cluster. Therefore, we transform the epicyclic motion
to the corotating frame with respect to RC, #C.

The radial offset $R0 = R0 − RC of the epicentre of a star is
determined by the angular momentum difference $L = L − LC (see
equation A9). Here we need only the first order term of $R0 in $L,
which is

$R0

RC
= 2

β2
C

$L

LC
= 2

β2
CRC

(
2x + vt

#C

)
. (20)

Since the epicycles are counterrotating with respect to the disc
rotation, the relative velocity in the tidal tails is smallest at the peri-
centres (with respect to the cluster motion). These are the locations

C⃝ 2008 The Authors. Journal compilation C⃝ 2008 RAS, MNRAS 392, 969–981
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Just, Berczik, Petrov & Ernst (2009)
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Simplest case: circular orbit
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Simulation from Küpper, Kroupa, Baumgardt & Heggie (2010)

Star clusters produce a continuous stream of stars

2 kpc



Stream overdensities also form in streams of clusters 
on eccentric orbits

X



Ideally we would like to make a full N-body run for 
each parameter combination
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A streakline visualizes the flow of particles in a stream 
due to progenitor orbit and surrounding medium
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streakline model

Küpper, Lane & Heggie (2012)

N-body model

Streakline models approximate full N-body 
simulations at low computational cost



streakline model
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Küpper, Lane & Heggie (2012)
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simulations at low computational cost
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Palomar 5 is a low-mass, low-density clusters in the 
halo of the Milky Way high above the Galactic disk

‣MV = -5.17 mag


‣ rh = 20-30 p


‣ central density: 1 star/pc2


‣ Rsun = 23.6 kpc


‣ RGC = 18.6 kpc, z =16.9 kpc


‣ extremely depleted in low-
mass stars



Palomar 5 is a low-mass, low-density clusters in the 
halo of the Milky Way high above the Galactic disk

the existence of tidal debris in this way, and results of
theoretical studies are also frequently presented in this form
(e.g., Johnston et al. 1999b, 2002).

We derived the radial profile of the cluster and the two
tails through weighted number counts in sectors of con-
centric rings. Out to r = 150 we divided each ring into its
northern and southern half. At larger radii we used progres-
sively narrower sectors to bracket the tails and to minimize
the influence of the field but referred the (background
corrected) counts to the full area of the corresponding half-
ring. This yields the profiles shown in Figure 5. For compar-
ison we also show an analogous profile obtained in two
cones away from the tidal tails, that is, at position angles
100! " 35! and 280! " 35!.

It is clearly visible that the tidal debris is distinguished
from the cluster by a characteristic break in the slope of the
logarithmically plotted radial profile. Outside the cluster’s
core region, that is, at radii r > 30, the surface density first
decreases steeply as a power law r! with exponent ! = #3.
Between 150 and 200 there is a transition region where the
profile becomes less steep, and from 200 outward the decline
of the density is similar to a power law with an exponent in
the range #1.5 < ! < #1.2. The comparison profile, which
has been measured perpendicularly to the tails and should
thus not be affected by tidal debris, shows the same r#3

power-law decline between 30 and 100 but falls off more
steeply at r > 100. This shows that perpendicular to the tails,
the cluster has a well-defined radial limit. A fit of a King
profile to these counts suggests a limiting (or tidal) radius of
approximately 160 (see Paper II). This is near the radius
where the overall radial profile shows the break. By compar-
ing the different radial profiles, the tidal perturbation of the
cluster is noticeable from about r = 120 outward.

To determine the power-law exponent for the outer part
of the radial profile, we made a weighted least-squares fit to

the data points at r $ 200. For the southern (leading) tail,
this fit yields ! = #1.25 " 0.06. For the northern (trailing)
tail, the use of all data points results in a poor fit with
! = #1.36.When leaving out the three most discrepant data
points, which describe the strong local density maximum in
the range 1400 < r < 2200, we obtain an acceptable fit and
! = #1.46 " 0.06. The overall decline of the radial surface
density profile of the northern (trailing) tail is thus some-
what steeper than for the southern (leading) tail. For both
tails we find power-law exponents ! < #1, which means
that the decline is steeper than it would be for a stream of
constant linear density (having a radial profile/r#1 because
the area of the averaging annuli increases proportional to r).
This confirms that the linear density of the stream is decreas-
ing with angular distance from the cluster as stated in x 4.2.
On the other hand, it also reveals that the decrease in linear
density is distinctly less steep than 1/r, because we find
! $ #1.5.

4.4. Distances

It is important to recall that our mapping of the tidal
debris is built on the assumption that the debris is located at
the same heliocentric distance as the cluster (at least within
the limits of the photometric accuracy and the natural
photometric dispersions). For the immediate vicinity of the
cluster, this necessarily holds true. With increasing angular
distance from the cluster the heliocentric distances might
however increasingly deviate, depending on how much the
tidal stream is inclined against the plane of the sky. If, for
example, this inclination were $50!, the distances should
differ by $10% over an angle of 5!, resulting in shifts of
"0.2 mag or more in apparent magnitude. One might
suspect that shifts of this size, if real, could affect our mea-
surements of the stellar surface density along the tails. On
the other hand, if such shifts in apparent magnitude were
detectable, this would also provide interesting constraints
on the extent of the tidal debris and the cluster’s orbit in the
third dimension.

Unfortunately, the stars that we have access to in the tails
are not well suited to use as precise distance indicators. In
order to measure small distance effects, we would ideally
need stars with characteristic luminosities, such as horizon-
tal-branch (HB) stars. These are not very numerous, even in
the main body of the cluster (%30 HB candidates within 120

of the center, including variables) and occur mostly on the
red side of the HB. In the tails an occasional red HB star
from Pal 5 would (in the absence of kinematic information)
be indistinguishable from Galactic field stars. The subgiant
branch is also not sufficiently well populated to allow such
cluster members to be recognized on a purely statistical
basis. Therefore, one has to rely on stars near and below the
main-sequence turnoff, whose luminosities cover a wider
range. Even for stars of this type one needs to integrate over
a substantial part of the tails in order to be able to identify
their location in the C-M plane. Therefore, distance varia-
tions can only be investigated at low angular resolution.

In Figure 6, we present Hess diagrams for the outer parts
of the two tails, obtained by sampling stars in two 180 wide
bands (approximately the FWHM of the tails; see x 6.1)
along the ridgelines of the tails. Figure 6a shows the inte-
grated C-M distribution in the northern (trailing) tail
between 3=5 and 5=6 from the center of Pal 5, while Figure
6b shows the same for the southern (leading) tail from 1=5 to

Fig. 5.—Radial profile of the surface density ! of stars in Pal 5 and its
two tails (i.e., azimuthally averaged surface densities) from weighted
number counts in annuli and annular sectors centered on the cluster (for
details, see text). For comparison, the open triangles show the radial density
profile in two cones at position angles 100! and 280! where the contribution
by extratidal stars is negligible (data points shifted by #0.5 in log !). The
short-dashed straight lines indicate the slope of power laws with exponents
#3.0 and#1.5.

2392 ODENKIRCHEN ET AL. Vol. 126

Odenkirchen et al. (2003)



Its tidal tails were detected in the first data release of 
SDSS

L168 TIDAL TAILS OF PAL 5 Vol. 548

Fig. 3.—Contour plot of the surface density of cluster candidates in galactic
coordinates ( ) overlaid with different orbital paths of the cluster ac-l cos b, b
cording to different determinations of its absolute proper motion: S93, S98,
and C98. The solid line presents our improved estimate of the orbit based on
the geometry and orientation of the tidal tails (fixing the direction of tangential
motion) and the proper motions by C98 and by S98 (estimating the tangential
velocity).

i.e., in the direction to the galactic center and anticenter. Due
to differential galactic rotation, their trajectories then bend
around and continue approximately parallel to the orbit of the
cluster. The appearance of clumps in the tails is also supported
by numerical simulations. They can be caused either by the
enhanced release of particles after strong shock events or by
caustics of the trajectories in phase space.

3.2. The Role of Contaminants

In view of the striking resemblance of the detected structures
to the expected properties of tidal tails, significant contami-
nation by clustered background objects seems a priori unlikely.
Nevertheless, we checked this point by analyzing the density
and colors of non-pointlike SDSS sources around Pal 5 that
by their shape are classified as galaxies. Their spatial distri-
bution is clumped and reveals known galaxy clusters like Abell
2050 and 2035. However, most of these sources do not fall
into the color-magnitude window for members of Pal 5. If our
selection criteria for Pal 5 members are applied to the galaxy
sample, the surface density of galaxies drops to the level of
0.3–0.6 of the field background density of the stellar sample.
Moreover, the pattern of density variations in the galaxy sample
does not correlate with the location of the tidal tails. Therefore,
objects like those in the galaxy sample are not likely to cause
significant disturbances in the stellar sample. The only re-
maining contaminants are compact galaxies with bluer colors
that may not be well represented in the sample of known gal-
axies. We believe that such objects have mostly been eliminated
by our color cut u*! mag. Finally, fluctuations in stel-∗g ≤ 0.4
lar surface density due to variable interstellar absorption can
be ruled out because the mean level of absorption in the region
around Pal 5 is low and because there is no hint for strong
variations (values of EB!V in the maps of Schlegel et al. 1998
range between 0.05 and 0.07 mag).

3.3. Implications for and from the Cluster’s Orbit

The orientation of the tails provides unique information on
the direction of the cluster’s tangential motion since it is known
that the leading and trailing parts must fit in with the inner and
outer sides of the local orbit, respectively. Figure 3 reveals that
the tails stretch out in the direction of constant b and that the
tangential motion is very likely westward (prograde rotation).
The absolute proper motions by Schweitzer, Cudworth, & Ma-
jewski (1993, hereafter S93) and S98 yield very different pre-
dictions for the local orbit, although at least the sense of rotation
is in agreement. The proper motion given by K. Cudworth (1998,
hereafter C98, unpublished revision of the work by S93, reported
in S98 and by private communication) yields a local orbit that
lies closer to the tails. From the observed orientation of the tails,
we estimate that the tangential velocity vector points∼15! north
of the line of constant b. In order to meet this constraint,
the proper motion needs to be modified by not more than
0.4 mas yr with respect to C98’s values. We thus!1

adopt mas yr for the cluster’s!1m cos b, m p !0.93, " 0.25l b

proper motion in the galactic rest frame. With these values, we
obtain an orbit (using the galactic potential of Allen & Santillan
1991) with apo- and perigalactic distances of 19.0 and 7.0 kpc,
respectively, and with disk passages at !137, !292, and
!472 Myr taking place at Galactocentric radii of 9.4, 18.4, and
8.3 kpc, respectively. Similar orbits are obtained with the more
detailed galactic potentials of Dehnen & Binney (1998). We tend
to believe that the observed overdensities close to the cluster

result from the latest disk passage, while the clumps in the tails
at distances of ∼0!.8 from the cluster might be associated with
the earlier passage through the inner disk about 470 Myr ago.
This, however, has to be investigated more thoroughly with N-
body simulations. The next passage through the galactic disk
predicted by our model orbit will be in 113 Myr and will happen
close to perigalacticon. If true, this will again produce a strong
tidal shock that may eventually dissolve the cluster completely.

3.4. Outlook

The SDSS will eventually cover a much larger region around
Pal 5 than currently available. Larger area coverage will enable
us to constrain the orbit and mass loss more tightly. We can
further constrain our model orbit by obtaining radial velocities
of stars in the tails. We predict a local radial velocity gradient
of 5.7 km s deg , i.e., an ∼9 km s difference between the!1 !1 !1

radial velocities of stars in the two tidal tail clumps. Since
Pal 5 contains very few luminous red giants, even fewer are
expected in its tails; thus, kinematic studies will have to con-
centrate on fainter stars requiring large telescopes.

The Sloan Digital Sky Survey10 is a joint project of the
University of Chicago, Fermilab, the Institute for Advanced
Study, the Japan Participation Group, Johns Hopkins Univer-
sity, the Max Planck Institute for Astronomy, New Mexico
State University, Princeton University, the US Naval Obser-
vatory, and the University of Washington. The Apache Point
Observatory, site of the SDSS telescopes, is operated by the
Astrophysical Research Consortium. Funding for the project
has been provided by the Alfred P. Sloan Foundation, the SDSS
member institutions, the National Aeronautics and Space Ad-
ministration, the National Science Foundation, the US De-
partment of Energy, Monbusho, and the Max Planck Society.

10 The SDSS Web site is located at http://www.sdss.org.
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In the last data release it can be traced for > 20 deg, 
which corresponds to more than 8 kpc

Küpper et al. (in prep.)
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Figure 2. Position of the target stars (crosses) with respect to the tidal tails of Pal 5. The cluster and its tails are shown by isopleths of color–magnitude-selected star
counts (map taken from Paper III). The coordinates of the plot are galactic longitude and latitude. The meaning of the symbols is the same as in Figure 1. The plot also
includes the targets from Paper II (∆l cos b ≈ 0.0, inside the cluster Pal 5).
(A color version of this figure is available in the online journal.)

the advantage of providing five independent velocity measure-
ments of approximately equal weight, from which one can draw
a solid estimate of the accuracy of the results. The rms devi-
ations of the individual measurements from their mean are in
the range 0.1–1.4 km s−1, depending on the quality of the spec-
tra. The velocity corrections, which are needed to transform the
measured relative velocities into heliocentric absolute veloci-
ties, were calculated with the IRAF routine RVCORRECT.

For the two standards we adopted the heliocentric veloc-
ities given by Udry et al. (1999). In Paper III these values
were found to be mutually consistent within a difference of
0.14 km s−1. Our new measurements confirm this result. We
find that the absolute velocities derived with the two different
standard stars agree within a mean difference of 0.16 km s−1 and
an rms dispersion of 0.10 km s−1. This shows that there is no sys-
tematic difference other than the small difference between the
standard stars themselves and that the individual deviations are
also small. We adopt the average of the velocities obtained with
the two standards as the best estimate of the heliocentric velocity
of each target. The repeated observation of one of the targets in
2002 and 2003 yields velocities of −56.75 and −56.79 km s−1,
respectively. This demonstrates that the results from period 1
and period 2 are highly consistent. Because of these accuracy
checks we are confident that there are no substantial systematic
errors in our measurements.

2.2. Medium-Resolution Spectroscopy

During the second observing period in 2003 we had the op-
portunity to collect simultaneously medium-resolution spectra
using GIRAFFE. We thus obtained 174 spectra for additional
targets along the RGB of Pal 5 in the same fields down to mag-
nitude 19.5 in i, covering the wavelength range from 5051 to
5831 Å at a nominal mean resolving power of R = 6000. Un-
fortunately, the majority of these spectra suffered from too low
signal-to-noise. Moreover, even those targets for which a radial
velocity could be derived, turned out to contain very few po-
tential members of Pal 5, which were not distinguishable from
nonmembers. Therefore the medium-resolution spectra were not
useful for our project. They will hence not be discussed here any
further.

3. ANALYSIS OF THE KINEMATICS

3.1. Tidal Tail Membership

The UVES spectra provide not only precise radial velocities
of the targets but also information on their stellar type. As
shown in Paper III, the line width of the Mg b triplet feature
around 5180 Å is a good indicator of the luminosity of the
star, allowing us to distinguish dwarfs (broad Mg b lines)
from giants (narrow Mg b lines). This diagnostic permits us to
clean the sample from foreground dwarf stars, which otherwise
could affect our attempt to trace the kinematics of the tidal
debris. Visual inspection of the spectra shows that despite
photometric preselection of the targets along the locus of Pal
5’s giant branch only 21 of the targets are definitely giants
whereas 40 targets turned out to be dwarfs. For the remaining
13 target stars the stellar type remains unclear because the
signal-to-noise ratio of the spectra is insufficient for a definite
classification.

The dwarfs can immediately be discarded as members of
Pal 5’s debris. The giants are plausible members, but it has
to be clarified whether they are really part of the debris or
else unrelated intervening halo stars. In Figures 1 and 2 the
giants, dwarfs, and ambiguous cases among our spectroscopic
targets are shown by different plot symbols. It can be seen
that the brightest stars of the sample are all dwarfs, i.e., in
the tails of Pal 5 we do not find any giants with magnitudes
similar to those of the brightest red giants inside the cluster.
At fainter magnitudes, however, the number of giants found
in the tails is comparable to the number of giants found in
the cluster. Thus the lack of brighter giants outside the cluster
reveals a true photometric difference between the potential
debris stars and the stellar population in the cluster (see also
Koch et al. 2004). On the other hand, we observe that among
stars with i > 17.0 the spectroscopically observed giants tend
to be concentrated toward the RGB of the cluster while the
dwarfs cover the stripe between the border lines of photometric
selection rather homogeneously. This is an important fact
because it suggests that the giants are not a random sample and
indeed comprise of members of the tidal stream of the cluster.
However, Figure 1 alone does not provide sufficiently strong
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17 radial velocities have been measured along the 
tidal stream

Odenkirchen et al. (2009)



17 radial velocities have been measured along the 
tidal stream



Fitting orbits to streams is highly degenerate and 
produces biased results 

Odenkirchen et al. (2009)
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Figure 7. Analogous plot to Figure 6, but comparing orbits in halo potentials with different circular velocity vc . Solid line: orbit for vc = 220 km s−1 (same as in
Figure 6). Dashed line: orbit for vc = 180 km s−1. Dashed-dotted line: orbit for vc = 150 km s−1. The tangential velocity vt of the cluster was adapted such that the
three orbits fit the location of the tidal debris on the sky equally well (see upper panel). Only for an implausibly low value of vc (see e.g., Xue et al. 2008) could the
observed velocities come close to the predictions for particles that lie exactly on the orbit.

in a potential with vc = 180 km s−1 (vt = 82 km s−1) and vc =
150 km s−1 (vt = 69 km s−1), respectively. In projection on the
sky these orbits are locally indistinguishable (see upper panel of
Figure 7), hence they fit the location of the tidal debris on the sky
equally well. The kinematics, however, are different. The radial
velocity gradient becomes smaller as the circular velocity of the
potential decreases (see lower panel of Figure 7). Together with
the observations this suggests that the circular velocity in the
Galactic halo is smaller than in the solar neighborhood.

However, in the case of vc = 180 km s−1 the radial velocity
gradient of the orbit is 3.1 km s−1 deg−1 and hence still
considerably different from the observations. In order to bring
the velocity gradient down to the level of 1 km s−1 deg−1 one
needs to decrease vc below 150 km s−1. Such a low circular
velocity would be quite extreme and difficult to reconcile with
other data on the rotation curve of the outer Galaxy (e.g., Xue
et al. 2008). Instead, it seems that variations in the Galactic
potential can at best contribute part of the solution and that
other factors also play a significant role.

4.2. Pal 5’s Distance

In contrast to the cluster’s position on the sky and its radial
velocity, which are both accurately known, the distance of the
cluster is currently not known with high accuracy. The adopted
distance estimate of 23.2 kpc is derived from photometry of
its horizontal branch stars (providing a distance modulus of
16.82 mag, Harris 1996). Taking into account photometric er-
rors and uncertainties in the determination of the absolute mag-
nitude of the horizontal branch the distance modulus probably
has an uncertainty of about 0.2 mag. Hence an error of 10% in
the distance is likely.

Figure 8. Same as in Figure 6, but testing orbits with different distances of the
cluster from the observer. Solid line: orbit for d = 23.2 kpc (same as in Figure 6).
Dashed line: orbit for d = 21.2 kpc. Dashed-dotted line: orbit for d = 19.2 kpc.
Again, the three orbits have identical projected paths on the sky (see upper panel).

In Figure 8 we compare orbits for three different distances,
one with the standard d = 23.2 kpc (solid line, same as in
Figures 6 and 7), one with d being 2 kpc smaller (long-dashed
line), and one with d being 4 kpc smaller (dashed-dotted line).
These orbits are derived using the standard potential with vc =
220 km s−1. Again, the tangential velocity of the cluster has been
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Streakline models make extensive parameter-space 
search in arbitrary potentials possible

Bonaca et al. (submitted)



Produce a streakline model and compare it to the 
data via an appropriate likelihood function

Küpper et al. (in prep.)



The Palomar 5 stream is very thin - thinner than 
expected in a very triaxial potential

– 8 –

Fig. 1.— Left panels: log-likelihood value (color bar) of various proper motion configura-

tions in the spherical potential (top) and triaxial LM10 potential (bottom) computed from

streakline models using Equation 8. Right panels: Nbody6 model points (orange) of the

the most likely proper motion configuration in the spherical potential (top: (µ
�

, µ
↵

cos(�)) =

(-2.3, -2.2) mas yr�1) and triaxial LM10 potential (bottom: (µ
�

, µ
↵

cos(�)) = (-2.6, -3.3) mas

yr�1), over plotted on SDSS density contours (blue). The streakline model in the triaxial

LM10 potential (LL = -94.0) yields a much lower log-likelihood, than the spherical case (LL

= -48.5).

Pearson et al. (in prep.)
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The Palomar 5 stream is very thin - thinner than 
expected in a very triaxial potential

– 11 –

Fig. 2.— Line-of-sight velocities of Nbody6 model points (orange) along the stream from

the most likely proper motion configuration in the spherical potential (left: (µ
�

, µ
↵

cos(�))

= (-2.3 , -2.2) mas yr�1) and the triaxial LM10 potential (right: (µ
�

, µ
↵

cos(�) = (-2.6, -3.3)

mas yr�1), plotted with the observed line-of-sight velocities (blue) from Odenkirchen et al.

(2009).

Pearson et al. (in prep.)



Use MCMC to walk through parameter space
Küpper et al. (in prep.)



Our forward modeling has 11 free parameters

NFW halo scale mass


NFW halo scale radius


NFW halo flattening


distance Sun-Galactic center


solar transverse velocity


distance Sun-Palomar 5


2 proper motion components


present-day mass of Palomar 5


mean mass-loss rate of Palomar 5


integration time



Piffl et al. (2013)

Other methods use tracers in the Galactic halo



Piffl et al. (2013)

Palomar 5 measurement in excellent agreement 
with other methods



Halo shape may be slightly oblate

23.426700 (+0.453200 / -0.341800) kpc!

qz = 0.94 (+0.17 / -0.11)

Küpper et al. (in prep.)

Halo z-flattening



★Globular cluster streams are high-precision scales


★Streakline models make large parameter-space studies 

possible


★Dark halo is close to being spherical in the inner 25 kpc



Tidal tails of star clusters are perfect detectors of dark 
matter substructure in the halo

2 Carlberg

ple measure of sub-halo density we need to allow for the
mass spectrum of sub-halos and determine what range
of velocities and impact parameters create visible gaps.
In this paper we use a set of restricted n-body simula-
tions to develop a gap creation rate formula. The rate
predictions for CDM halos are compared to the available
density field data on the 100 kpc loop of the NW stream
of M31 (McConnachie et al. 2009) and the Pal 5 stream
(Odenkirchen et al. 2003; Grillmair & Dionatos 2006).

2. THE GAP CREATION RATE

The rate at which gaps are created in a long thin stellar
stream is the rate at which sub-halos of mass M with lo-
cal volume density N (r,M) cross the stream, integrated
out to the maximum closest approach distance from the
stream, b, which can create gaps. Full n-body simula-
tions of the sub-halo content of halos find that the ra-
dial distribution and the mass function of sub-halos is
separable into a radial dependence and a mass function,
N (r,M) = n(r)N(M) (Springel et al. 2008). The rate
at which sub-halos cross the stream to create gaps is
therefore,

R∪(r) =

∫

M

∫

v⊥

∫ bmax

0
n(r)N(M)v⊥f(v⊥)π db dv⊥ dM.

(1)
The factor of π arises from the consideration that in
an isotropic velocity distribution for a circle of radius
b, hence circumference 2πb, half the stars will be headed
inward.
An extensive set of restricted n-body simulations

guides our approximate evaluation of the linear gap rate
Equation 1 in a general context. Future studies will in-
clude full n-body simulations matched to observed sys-
tems. Here, the visible galaxy is approximated as a static
potential with a small nuclear bulge and a Miyamoto-
Nagai disk with the same parameters as Johnston (1998)
used. To this we add an extended massive dark halo de-
scribed with the NFW fit to the Springel et al. (2008)
simulation of a Milky Way or M31 like galaxy. The
stream is idealized as a circular ring of particles at 60
kpc, or 2 scale radii. At this large distance the halo
dominates the enclosed mass. A ring of particles is ini-
tiated on tangential orbits at the local circular velocity,√
−∇Φ · r. Most of the simulations are done with no

initial random velocities but the particles are optionally
given ∼1% epicyclic motions both in the orbital plane
and perpendicular to it, which usefully obscures the small
scale phase space details to make particle plots more
comparable to observed streams. Only one sub-halo is
sent towards the ring in each simulation. An individual
sub-halo is adequately modeled as a Hernquist (1990)
sphere with the mass-scale radius relation found in the
Aquarius simulations, since for our purposes the exact
details of the internal mass distribution are not impor-
tant. The sub-halo motion is simply at a fixed velocity
in a straight line, so it crosses the ring only once which
avoids the complications of a sub-halo orbiting and hav-
ing multiple ring crossings.
Figure 1 shows the result of a fairly massive satellite,

109M⊙, passing over the ring at 0.6 and 6 kpc, top and
bottom. As shown in the lower figure, flybys beyond the
sub-halo scale radius do not lead to visible stream gaps.

Fig. 1.— The top and side views, left and right respectively, of
rings that have a sub-halo of mass 109 M⊙, scale radius 2.3 kpc,
passing at a vertical height of 0.6 kpc (top) and 6 kpc (bottom).
The top view is 132 kpc square, the side view is 6 kpc high. The
ring has a velocity dispersion of about 1 kms−1. The ring is shown
at 5.56 Gyr, long after sub-halo has passed. Only the penetrating
encounter leaves a readily visible gap.

Lower mass sub-halos create proportionally smaller ver-
tical loops and gaps. To guide our analysis we measure
various properties of the disturbed ring at intervals of
about 1 Gyr starting about 2 Gyr after the sub-halo
passes the ring. The vertical perturbations oscillate up
and down in their orbit so we use the values from three
separate epochs in our plots. The steps to evaluate the
gap rate integral, Eq. 1, are first to determine the out-
comes of sending single sub-halos past a ring, measuring
the height, length and density dip in the gaps, from which
we develop a model which can predict bmax in terms of
sub-halo mass and encounter velocity, then we integrate
over sub-halo velocities and the mass distribution, yield-
ing the rate in terms of the minimum sub-halo mass, M̂ ,
that creates a visible gap. A related calculation gives the
gap lengths in terms of sub-halo masses and can be used
to create a relation between gap densities and stream
width, both of which are measurable in imaging observa-
tions.

2.1. Sub-Halo Induced Stream Deflections

The impact approximation and the tidal approxima-
tion are the two general approaches used to describe the
interaction of a satellite, such as a sub-halo, with a set
of particles, the stars in the stream. The impact ap-
proximation is best suited to calculating deflections of
individual stars from the rapid passage of a satellite and
the tidal approximation is best suited to problems in-
volving the differential gravitational field across a finite
sized object. Both approaches are useful for calculating
the gravitational heating of the perturbed objects and at
their root both have the same underlying gravitational
dynamics.
The impact approximation assumes that both a sub-

4 Carlberg

Fig. 5.— The same plot as Fig. 1 but for the sub-halo moving
vertically, bottom to top, relative to the plane of the stream.

increase the epicyclic motion around the guiding center,
but that makes little difference to the stream density.
A sub-halo moving upward perpendicular to the orbital
plane initially pulls the stream down and then up, which
evolves into a paired set of peaks perpendicular to the or-
bital plane, as shown in Figure 5. The amplitude of the
perturbation is again governed by the distance of closest
approach so can use the same approximate analysis as
used for a horizontally moving sub-halo. The one major
difference in our analysis of a vertical sub-halo passage
is that the amplitude of the perturbation is measured as
the vertical distance from the positive peak to the nega-
tive peak, rather than the measurement of the absolute
value of the offset from the initial orbital plane for a
horizontal sub-halo passage. The resulting zm shown in
Figure 6 reasonably follows the same prediction as in Fig-
ure 3, although with more scatter and some systematic
deviation. The density of particles in the gap is calcu-
lated half way between the two peaks. Figure 6, show
the same basic behavior as for horizontal sub-halo mo-
tion, Figure 3. The important conclusion is that mean
relations which describe the size of the perturbation and
depth of gap for sub-halos moving either horizontally or
perpendicular to the plane of the orbit are essentially the
same. Interactions at other angles will be a superposi-
tion of these two responses which leads to an outcome
with little sensitivity to the exact angle that a sub-halo
passes through the plane of a star stream’s orbit.

2.1.1. Gap Parameters

We need to determine the maximum impact parame-
ter that creates a visible gap. The density in the gap
relative to the mean density in the ring as a function
of b/Rs is shown in Figures 7 and 8, for horizontal and
vertical sub-halo motions. For large impact parameter
encounters the density in the loop pulled out of the ring
is almost unchanged relative to the ring. That is, there
is effectively no visible gap unless the sub-halo substan-
tially penetrates the star stream. We will model this as a
step function in the scale radius of a sub-halo, with gaps
created for b ≤ αRs(M) and no gaps for larger b values.
The length of a sub-halo induced gap as a function

of the sub-halo parameters is needed to determine what
gaps are large enough to be visible. We measure the
gap length at 50% (the FWHM) of the maximum verti-
cal height. The basis of a relation is visible in Figure 9
where we see that for substantially penetrating encoun-
ters, b/Rs < 1, that the ratio of the gap length to zm is
roughly a constant. The distribution has a logarithmic
mean of w = 101.52±0.13, or w = 31zm, with a scatter of

Fig. 6.— The same as Fig. 3 but for a sub-halo moving vertically.

Fig. 7.— The linear density of particles in the plane of the ring
as a function of the distance of closest approach normalized to the
scale radius of the sub-halo. This plot is for a sub-halo moving
horizontally above the plane of the star stream orbit.

38%. For vertical motions of sub-halos we measure the
FWHM between the 50% points of the outermost parts
of the upper and lower peaks, finding w = 101.77±0.50.
This overlaps the horizontal relationship but has far more
scatter and a somewhat larger mean. We will adopt the
horizontal value in our calculations but note that there
is significant variance in the w − zm relationship.

2.1.2. The Characteristic Velocities

The rate at which sub-halos cross the stream depends
only on v⊥, which for an isotropic velocity dispersion nor-
malized as

∫

f(v) dv = 1 has a mean forward velocity of
∫

vf(v) dv =
√

2
π σ, which is approximately 0.80σ. Note

Carlberg (2011)
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Figure 9. Final particle positions in the X–Y plane for tidal streams evolved in the presence of the full spectrum of ΛCDM subhalos. Each stream begins at different
initial times and positions that were chosen to place all streams at the same ending location in the absence other disturbances (see the text). The age is presented in
each panel. Note that each panel is centered on the satellite and has a different axis scale.

orbital apocenter. We can trace this appearance in coordinate
space back to the character of the gaps seen in energy/angular-
momentum space in earlier figures. The edges of the gaps
typically have a single orbital energy with a range of angular
momenta. As the debris spreads, the particles sort themselves in
energy along the stream and in angular momenta perpendicular
to the stream (Johnston et al. 2001), which results in the angular
momenta of particles varying monotonically along the edge of
a gap. The slant reflects the corresponding monotonic trend in
the particles’ orbital time periods, which are weakly dependent
on angular momentum.

There are also examples of bizarre morphologies in the
streams in Figure 9. Several streams have discontinuities as large
as several kpc (for example, in the middle right-hand and bottom
left-hand panels)—sufficiently disjointed that these structures
might be detected as separate streams when we observe them.
(Note that the gap between the leading and trailing streams in
each panel is due to the initial conditions in the simulation and
not subhalo interactions.)

Some streams even take on a bifurcated appearance, for ex-
ample, in the third panel in the middle row and the rightmost
panel in the bottom row of Figure 9. The lower panels of Fig-
ure 10 show the final energy/angular-momentum distributions
for these bifurcated streams, with the redder and purpler parti-
cles having initially higher and lower energy, respectively. Com-
paring this to the initial distribution in Figure 2 shows that in
both cases, the energy–angular-momentum distributions have
been completely flipped by an encounter with a large subhalo,
so that the trailing stream ends up on orbits with shorter time pe-
riods and overtakes the leading stream. A bifurcation has already

been seen in the stellar stream from Sgr (Belokurov et al. 2006c)
and could possibly be due to such an encounter. However, fur-
ther simulations of an Sgr-scale stream (much longer and thicker
than our Pal-5-like test case) are needed to confirm the plausi-
bility of this scenario and distinguish it from other explanations
of this bifurcation (e.g., Fellhauer et al. 2006; Peñarrubia et al.
2010). We do not pursue this investigation further here since we
are concentrating on encounters of missing satellites with much
colder streams.

5. DISCUSSION

Our results suggest that missing satellites, if present with
number densities predicted by purely dark-matter simulations
of structure formation in a ΛCDM universe, should leave their
imprint on cold stellar streams such as Pal 5 and GD1 in the
form of abrupt changes in surface density and velocity on
few degree scales and below. Moreover, this signature should
be distinct from the few larger-scale deformities expected to
be produced by known satellites. In this section, we compare
our numerical results to current observations and discuss other
possible explanations of substructure in stellar streams.

5.1. The Case of Pal 5: Signatures of Missing Satellites

The most straightforward thing to observe about stars in
a stream with current capabilities is their positions on the
sky. In reality, cold streams like Pal 5 have been discovered
as overdensities of stars that lie along a restricted sequence
in color–magnitude space (defined by a stellar isochrone),
rather than direct identification of individual stellar members.
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Tidal tails of star cluster should be easily heated by 
passages of dark matter subhaloes

Star Stream Folding 3

Fig. 1.— Face on views of a time sequence within one simula-
tion. A range of stream locations are sampled with ten rings with
1000 particles per ring. These idealized streams are initiated on
purely circular orbits which would preserve their appearance in the
absence of sub-halos. The time is shown in Gyr indicated in the
lower right of each sub-panel. The plotted radii are the arctangent
of the rmax scaled radii to allow a more uniform display. Note how
a wave-like perturbation evolves into a z-fold which gradually leads
to a scrambling of the ring.

Fig. 2.— The radial velocities around a ring, with angle plotted in
radians. The dots show the radial velocities, offset by 30 km s−1, of
the individual particles in a ring initially at 34 kpc at 8.3 Gyr. The
solid line shows the mean velocity averaged over 5.625 degrees. The
dotted lines show the velocity dispersion around the circle. Note
that the radial kinetic energy of the entire ring is much larger than
this average velocity dispersion around the local mean. The same
plot using only 100 sub-halos has the samel large-scale features and
but less small scale dispersion.

perturbation, developing into the z-fold that will be ob-
servationally apparent as a stream widening or velocity
dispersion increase. An individual fold is readily visible
for about a rotation period. Distortions in the opposite
sense tend to smooth out with time.

A practical approach to measuring the local velocity
dispersion, often used in observational work, is to com-
pute a local mean velocity by averaging over some range
of angles, then calculate the local velocity dispersion from
the differences relative to this local mean. For the mea-
sures here we use an angular range of 90◦ down to 2◦ for
averaging. The mean velocity and local velocity disper-
sion measure as a function of angle around the circle for
a specific realization is shown in Figure 2.

The increase with time of the RMS radial velocity dis-
persion relative to the local mean velocity using the range
of averaging angles, ranging from 90 degrees, or ±45◦, to
2◦, or ±1◦, is shown in Fig. 3, again for the inner five
rings. The complete set of rings show the same increase
but with about a 20% lower velocity dispersion at any
time than the inner five. The increase with time of the ra-
dial velocity dispersion is σr = 17.1 (t/10 Gyr)0.67 km s−1

and to 13.5 (t/10 Gyr)0.88 kms−1, for averaging angles of
90 and 2 degrees, respectively. In this fit we have ex-
cluded data with t < 2Gyr which steepens the slope
beyond 1 and does not accurately reflect the majority of
the growth rate.

The growth of velocity dispersion with time can be
understood as the action of the folding process on an
initially cold stream. In the cold stream the increase of
velocity dispersion is proportional to a linear rate of in-
teractions. However, as the stream becomes folded the
changes begin to resemble a random walk and the growth
becomes closer to

√
t. For our 21 simulations there is es-

sentially no correlation between the final overall velocity

Star Stream Folding 3

Fig. 1.— Face on views of a time sequence within one simula-
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1000 particles per ring. These idealized streams are initiated on
purely circular orbits which would preserve their appearance in the
absence of sub-halos. The time is shown in Gyr indicated in the
lower right of each sub-panel. The plotted radii are the arctangent
of the rmax scaled radii to allow a more uniform display. Note how
a wave-like perturbation evolves into a z-fold which gradually leads
to a scrambling of the ring.

Fig. 2.— The radial velocities around a ring, with angle plotted in
radians. The dots show the radial velocities, offset by 30 km s−1, of
the individual particles in a ring initially at 34 kpc at 8.3 Gyr. The
solid line shows the mean velocity averaged over 5.625 degrees. The
dotted lines show the velocity dispersion around the circle. Note
that the radial kinetic energy of the entire ring is much larger than
this average velocity dispersion around the local mean. The same
plot using only 100 sub-halos has the samel large-scale features and
but less small scale dispersion.
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servationally apparent as a stream widening or velocity
dispersion increase. An individual fold is readily visible
for about a rotation period. Distortions in the opposite
sense tend to smooth out with time.

A practical approach to measuring the local velocity
dispersion, often used in observational work, is to com-
pute a local mean velocity by averaging over some range
of angles, then calculate the local velocity dispersion from
the differences relative to this local mean. For the mea-
sures here we use an angular range of 90◦ down to 2◦ for
averaging. The mean velocity and local velocity disper-
sion measure as a function of angle around the circle for
a specific realization is shown in Figure 2.

The increase with time of the RMS radial velocity dis-
persion relative to the local mean velocity using the range
of averaging angles, ranging from 90 degrees, or ±45◦, to
2◦, or ±1◦, is shown in Fig. 3, again for the inner five
rings. The complete set of rings show the same increase
but with about a 20% lower velocity dispersion at any
time than the inner five. The increase with time of the ra-
dial velocity dispersion is σr = 17.1 (t/10 Gyr)0.67 km s−1

and to 13.5 (t/10 Gyr)0.88 kms−1, for averaging angles of
90 and 2 degrees, respectively. In this fit we have ex-
cluded data with t < 2Gyr which steepens the slope
beyond 1 and does not accurately reflect the majority of
the growth rate.

The growth of velocity dispersion with time can be
understood as the action of the folding process on an
initially cold stream. In the cold stream the increase of
velocity dispersion is proportional to a linear rate of in-
teractions. However, as the stream becomes folded the
changes begin to resemble a random walk and the growth
becomes closer to

√
t. For our 21 simulations there is es-

sentially no correlation between the final overall velocity
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Fig. 1.— Face on views of a time sequence within one simula-
tion. A range of stream locations are sampled with ten rings with
1000 particles per ring. These idealized streams are initiated on
purely circular orbits which would preserve their appearance in the
absence of sub-halos. The time is shown in Gyr indicated in the
lower right of each sub-panel. The plotted radii are the arctangent
of the rmax scaled radii to allow a more uniform display. Note how
a wave-like perturbation evolves into a z-fold which gradually leads
to a scrambling of the ring.

Fig. 2.— The radial velocities around a ring, with angle plotted in
radians. The dots show the radial velocities, offset by 30 km s−1, of
the individual particles in a ring initially at 34 kpc at 8.3 Gyr. The
solid line shows the mean velocity averaged over 5.625 degrees. The
dotted lines show the velocity dispersion around the circle. Note
that the radial kinetic energy of the entire ring is much larger than
this average velocity dispersion around the local mean. The same
plot using only 100 sub-halos has the samel large-scale features and
but less small scale dispersion.

perturbation, developing into the z-fold that will be ob-
servationally apparent as a stream widening or velocity
dispersion increase. An individual fold is readily visible
for about a rotation period. Distortions in the opposite
sense tend to smooth out with time.

A practical approach to measuring the local velocity
dispersion, often used in observational work, is to com-
pute a local mean velocity by averaging over some range
of angles, then calculate the local velocity dispersion from
the differences relative to this local mean. For the mea-
sures here we use an angular range of 90◦ down to 2◦ for
averaging. The mean velocity and local velocity disper-
sion measure as a function of angle around the circle for
a specific realization is shown in Figure 2.

The increase with time of the RMS radial velocity dis-
persion relative to the local mean velocity using the range
of averaging angles, ranging from 90 degrees, or ±45◦, to
2◦, or ±1◦, is shown in Fig. 3, again for the inner five
rings. The complete set of rings show the same increase
but with about a 20% lower velocity dispersion at any
time than the inner five. The increase with time of the ra-
dial velocity dispersion is σr = 17.1 (t/10 Gyr)0.67 km s−1

and to 13.5 (t/10 Gyr)0.88 kms−1, for averaging angles of
90 and 2 degrees, respectively. In this fit we have ex-
cluded data with t < 2Gyr which steepens the slope
beyond 1 and does not accurately reflect the majority of
the growth rate.

The growth of velocity dispersion with time can be
understood as the action of the folding process on an
initially cold stream. In the cold stream the increase of
velocity dispersion is proportional to a linear rate of in-
teractions. However, as the stream becomes folded the
changes begin to resemble a random walk and the growth
becomes closer to

√
t. For our 21 simulations there is es-

sentially no correlation between the final overall velocity
Carlberg (2009)



Streaklines can be used to insert tidal streams into 
cosmological simulations

Bonaca et al. (submitted)

Küpper et al. (in prep.)
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Orbital offset causes apparent epicyclic motion



Different orbits cause different epicyclic patterns



Epicyclic motions cause apparent overdensities and 
underdensities containing orbital information



We get information on additional cluster 
parameters independent of other methods

MPal5 = 15.3 (+8.0 / -5.1) 103 MSund = 23.64 (+0.79 / -0.66) kpc

Küpper et al. (in prep.)

distance Sun-Pal5 [kpc] Pal5 mass [Msun]



Solar parameters are in agreement with other 
methods: 8.34 kpc & 243 km/s (Reid et al. 2014)

Vsun = 246 (+15 / -14) km/sRsun = 8.30 (+0.25 / -0.26) kpc

Küpper et al. (in prep.)

distance Sun-GC [pc] Solar velocity [km/s]



Probabilistic modeling of Palomar 5 constrains the 
NFW halo scale parameters

0.939241 (+0.112579 / -0.057454)!

Mhalo = 1.65 (+0.37 / -0.32) x 1012 MSun

Küpper et al. (in prep.)

Halo scale mass [Msun]

MOCK



Solar parameters are powerfully constrained

Küpper et al. (in prep.)

distance Sun-GC [pc] Solar velocity [km/s]

MOCKMOCK



We predict proper motions of Palomar 5

μδ = -2.38 (+0.14 / -0.14) mas/yrμαcosδ= -2.41 (+0.16 / -0.16) mas/yr

Küpper et al. (in prep.)



Appearance of streaklines depends crucially on the 
choice of radial offset and velocity offset

Küpper, Lane & Heggie (2012)

x

same orbital velocity



same orbital velocity

higher velocity

x

Küpper, Lane & Heggie (2012)

Appearance of streaklines depends crucially on the 
choice of radial offset and velocity offset



same orbital velocity

intermediate velocity

same angular velocity
x

Küpper, Lane & Heggie (2012)

Appearance of streaklines depends crucially on the 
choice of radial offset and velocity offset



same angular velocity 
(w/o cluster mass)

same angular velocity 
(with cluster mass)

Appearance of streaklines also depends on whether 
the cluster mass is taken into account or not

x

Küpper, Lane & Heggie (2012)


