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Basic idea

• When a mixture freezes, in general the solid formed has 
a different composition than the liquid.  For example, 
heavier elements preferentially go into the solid, light 
elements are left behind in the liquid.

• This chemical separation leads to mixing, e.g. light 
elements rise buoyantly resulting in convection, or heavier 
solid particles can “snow”.



Several interesting examples in astrophysics

• Earth’s core:  compositionally-driven convection as inner 
core freezes from outer core fluid, important for driving 
dynamo
• Ganymede:  compositionally-driven convection plays a 
role in driving dynamo
• Giant planets:   He droplets rain out,  gravitational energy 
release could explain luminosity of Saturn, deplete Ne in 
Jupiter’s atmosphere
• White dwarf cooling:  CO separation->delayed cooling, 
formation of a Ne core -> Type Ia ignition
• Neutron star oceans: enrichment of light elements and 
heating, formation of two-phase solid in the crust
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Molecular dynamics simulations of the freezing show 
chemical separation

Horowitz et al. (2007)



There are several observables that can 
tell us about the neutron star ocean

• Cooling after accretion outbursts
Neutron star crust cooling in EXO 0748–676 9

star temperatures obtained for EXO 0748–676 to a power-
law and found decay indices of !0.03±0.01 and !0.05±0.01
for the Chandra and Swift data sets, respectively. The Swift
observations indicate that a possible break in the quiescent
lightcurve may have occurred " 67! 265 days after the ces-
sation of the outburst (see Section 3.2). By fitting a broken
powerlaw function, we obtain a decay index of !0.03± 0.03
before the break, which steepens to !0.06± 0.02 thereafter.
However, further observations are required to confirm that
a break has indeed occurred.

The decay parameters that we find for EXO 0748–676
are comparable to that obtained by Fridriksson et al. (2010)
for XTE J1701–462. These authors found that the quies-
cent lightcurve breaks " 20 ! 150 days post-outburst and
report decay indices of " !0.03 and " !0.07 before and
after the break, respectively. Fridriksson et al. (2010) note
that possible cross-calibration e!ects between Chandra and
XMM-Newton might introduce small shifts that also allow
a single powerlaw decay with slope " !0.05. The cooling
curves of KS 1731–260 and MXB 1659–29 appear to have
steeper decays with indices of " !0.12 and " !0.33, re-
spectively (Cackett et al. 2008). Due to the scarcity of data
points it is unclear whether a break occurred in the quies-
cent lightcurves of those two sources (Cackett et al. 2008;
Brown & Cumming 2009).

The powerlaw fits show no indications that the quies-
cent lightcurve of EXO 0748–676 is levelling o!. Thus, it is
also possible that the neutron star temperature continues to
decay further and that the core is cooler than suggested by
the exponential decay fits. The relatively slow decrease of
EXO 0748–676 might then reflect that the crust has a high
conductivity, albeit lower than that of the neutron stars in
KS 1731–260 and MXB 1659–29. Further observations are
thus required to determine whether the neutron star crust
in EXO 0748–676 has nearly cooled down and to be able to
draw conclusions on the crust and core properties.
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This talk

• Freezing and chemical separation

• Compositionally-driven convection

Discuss the basic physics of 

with recent results on neutron star oceans and white 
dwarf interiors along the way



Physics of the ocean and outer crust

• Matter is fully-ionized. Electrons are degenerate and form a 
uniform neutralizing background. Ions interact with a screened 
Coulomb potential.

• Key parameter:

• The value 173 comes from Monte Carlo or molecular dynamics 
simulations of the (classical) one-component plasma (OCP)
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Free energies of liquid and solid OCPcomponents. We test our method using the one data point
available for a plasma with more than three components, the
calculation of !2", and show that it performs very well in that
specific case.

The paper is organized as follows. In Sec. II we describe
the semianalytic calculation as it applies to the one-
component plasma #Sec. II A$, the two-component plasma
#Sec. II B$, and the multicomponent plasma #Sec. II C$. In
Sec. III, we present our results for the 17-component mixture
of Horowitz et al. !2". We conclude in Sec. IV. The pressure
term in the Gibbs free energy and its effect on the phase
transition, the importance of the deviation from linear mixing
for the liquid free energy, and a simplified derivation of the
deviation from linear mixing for the solid free energy are
discussed in Appendixes A–C.

II. METHOD

A. One-component plasma

We assume in this paper that the system has reached equi-
librium, i.e., the state of lowest free energy. The validity of
this assumption and nonequilibrium effects such as diffusion
and sedimentation will be discussed in a later paper. We also
assume here that the phase transition happens at constant
volume, in which case the equilibrium configuration of the
system is determined by the state with the lowest Helmholtz
free energy, F=U!TS. In reality, the transition happens at
constant pressure and at minimized Gibbs free energy. The
error introduced by using the constant volume approximation
is discussed in Appendix A. We find that for the mixture
considered in Sec. III, the abundance in the liquid state of
each ion species is in error by no more than 2%. While the
percentage errors in the abundances in the solid state are
typically larger by factors of %2–5, the absolute errors for
each ion species are similar in either state. #Since this trend
holds true for most of the approximations we make in this
paper, we hereafter quote errors in our approximations only
for the liquid abundances.$ Note that in transitions at con-
stant volume, the free energy of the electrons is identical in
the liquid and in the solid and so has no effect on the prop-
erties of the phase transition.

The Helmholtz free energy of the liquid or solid phase of
a one-component plasma #OCP$ can be described as a func-
tion of only the number of ions N, the temperature T, and the
Coulomb coupling parameter !&#Ze$2 / #akBT$=Z5/3!e.
Here, Ze is the ion charge, a is the ion separation, and kB is
the Boltzmann constant; !e&e2 / #aekBT$ is the electron cou-
pling parameter, where ae= !3 / #4"ne$"1/3 is the mean elec-
tron spacing and ne=ZN /V is the electron density.

The ideal-gas contribution to the free energy of a one-
component plasma Fideal is given by

f ideal &
Fideal

NkBT
= ln'N

V
( h2

2"mikBT
)3/2* ! 1

= 3 ln ! +
3
2

ln#kBT$Ry ! 1 ! ln
4

3+"
, #1$

where mi=Amp is the mass of the ion and #kBT$Ry
=kBT2#2 / #miZ4e4$ is the thermal energy expressed in ionic

Rydberg units. The free energy of the liquid phase of a one-
component plasma Fl

OCP is well fit for !! !1,200" by

f l
OCP#!$ &

Fl
OCP

NkBT
= ! 0.899 172! + 1.8645!0.323 01

! 0.2748 ln#!$ ! 1.4019. #2$

The previous formula is from the Monte Carlo calculations
of DeWitt and Slattery !16", with the modification that the
ideal-gas contribution to the free energy !Eq. #1$" has been
removed. Other formulas for f l

OCP can be found in Refs.
!10,20–22" #see also Refs. !23,24"$; for the range of ! we are
concerned with in this paper #15$!%200$, the differences
between these formulas, and between the numerical data
these formulas are based on, are less than 0.006.

The free energy of the solid phase of a one-component
plasma Fs

OCP is well fit for !! !160,2000" by

Fs
OCP

NkBT
= ! 0.895 929! + 1.5 ln#!$ ! 1.1703

!
10.84

!
!

176.4
!2 !

5.980 & 104

!3 . #3$

The previous formula is from !25"; it was derived using a
combination of analytic methods and a fit to the Monte Carlo
calculations of Ref. !26". As in the liquid case, we have
modified Eq. #3$ from its original form by removing the
ideal-gas contribution. Another formula for Fs

OCP / #NkBT$ of
similar accuracy #with less than 0.004 difference from Ref.
!25" or the numerical data for 160%!%2000$ can be ob-
tained from the molecular-dynamics calculations of Ref. !24"
#see also Refs. !20,27"$. In this paper, we neglect the !!2 and
!!3 terms in Eq. #3$ and use the following approximation for
Fs

OCP:

fs#!$OCP &
Fs

OCP

NkBT
, ! 0.895 929! + 1.5 ln#!$

! 1.1703 !
10.84

!
. #4$

This expression fits the numerical data for 160%!$300
with an accuracy several times lower than that of Eq. #3$
#differing by up to 0.02 for !%160$. We use this expression
in place of Eq. #3$, however, because it behaves qualitatively
better for small !, as we discuss below.

The free-energy difference based on these fits is given by

'f fit
OCP#!$ & #f l ! fs$OCP = ! 0.003 243! + 1.8645!0.32301

! 1.7748 ln#!$ ! 0.2316 + 10.84/! .

#5$

In equilibrium, the system will be in the state of lowest free
energy: when 'fOCP(0, the OCP is in the liquid state, and
when 'fOCP)0, it is in the solid state. When 'fOCP=0, there
is a phase transition between the liquid and solid state. This
occurs at

ZACH MEDIN AND ANDREW CUMMING PHYSICAL REVIEW E 81, 036107 #2010$

036107-2

components. We test our method using the one data point
available for a plasma with more than three components, the
calculation of !2", and show that it performs very well in that
specific case.

The paper is organized as follows. In Sec. II we describe
the semianalytic calculation as it applies to the one-
component plasma #Sec. II A$, the two-component plasma
#Sec. II B$, and the multicomponent plasma #Sec. II C$. In
Sec. III, we present our results for the 17-component mixture
of Horowitz et al. !2". We conclude in Sec. IV. The pressure
term in the Gibbs free energy and its effect on the phase
transition, the importance of the deviation from linear mixing
for the liquid free energy, and a simplified derivation of the
deviation from linear mixing for the solid free energy are
discussed in Appendixes A–C.

II. METHOD

A. One-component plasma

We assume in this paper that the system has reached equi-
librium, i.e., the state of lowest free energy. The validity of
this assumption and nonequilibrium effects such as diffusion
and sedimentation will be discussed in a later paper. We also
assume here that the phase transition happens at constant
volume, in which case the equilibrium configuration of the
system is determined by the state with the lowest Helmholtz
free energy, F=U!TS. In reality, the transition happens at
constant pressure and at minimized Gibbs free energy. The
error introduced by using the constant volume approximation
is discussed in Appendix A. We find that for the mixture
considered in Sec. III, the abundance in the liquid state of
each ion species is in error by no more than 2%. While the
percentage errors in the abundances in the solid state are
typically larger by factors of %2–5, the absolute errors for
each ion species are similar in either state. #Since this trend
holds true for most of the approximations we make in this
paper, we hereafter quote errors in our approximations only
for the liquid abundances.$ Note that in transitions at con-
stant volume, the free energy of the electrons is identical in
the liquid and in the solid and so has no effect on the prop-
erties of the phase transition.

The Helmholtz free energy of the liquid or solid phase of
a one-component plasma #OCP$ can be described as a func-
tion of only the number of ions N, the temperature T, and the
Coulomb coupling parameter !&#Ze$2 / #akBT$=Z5/3!e.
Here, Ze is the ion charge, a is the ion separation, and kB is
the Boltzmann constant; !e&e2 / #aekBT$ is the electron cou-
pling parameter, where ae= !3 / #4"ne$"1/3 is the mean elec-
tron spacing and ne=ZN /V is the electron density.

The ideal-gas contribution to the free energy of a one-
component plasma Fideal is given by

f ideal &
Fideal

NkBT
= ln'N

V
( h2

2"mikBT
)3/2* ! 1

= 3 ln ! +
3
2

ln#kBT$Ry ! 1 ! ln
4

3+"
, #1$

where mi=Amp is the mass of the ion and #kBT$Ry
=kBT2#2 / #miZ4e4$ is the thermal energy expressed in ionic

Rydberg units. The free energy of the liquid phase of a one-
component plasma Fl

OCP is well fit for !! !1,200" by

f l
OCP#!$ &

Fl
OCP

NkBT
= ! 0.899 172! + 1.8645!0.323 01

! 0.2748 ln#!$ ! 1.4019. #2$

The previous formula is from the Monte Carlo calculations
of DeWitt and Slattery !16", with the modification that the
ideal-gas contribution to the free energy !Eq. #1$" has been
removed. Other formulas for f l

OCP can be found in Refs.
!10,20–22" #see also Refs. !23,24"$; for the range of ! we are
concerned with in this paper #15$!%200$, the differences
between these formulas, and between the numerical data
these formulas are based on, are less than 0.006.

The free energy of the solid phase of a one-component
plasma Fs

OCP is well fit for !! !160,2000" by

Fs
OCP

NkBT
= ! 0.895 929! + 1.5 ln#!$ ! 1.1703

!
10.84

!
!

176.4
!2 !

5.980 & 104

!3 . #3$

The previous formula is from !25"; it was derived using a
combination of analytic methods and a fit to the Monte Carlo
calculations of Ref. !26". As in the liquid case, we have
modified Eq. #3$ from its original form by removing the
ideal-gas contribution. Another formula for Fs

OCP / #NkBT$ of
similar accuracy #with less than 0.004 difference from Ref.
!25" or the numerical data for 160%!%2000$ can be ob-
tained from the molecular-dynamics calculations of Ref. !24"
#see also Refs. !20,27"$. In this paper, we neglect the !!2 and
!!3 terms in Eq. #3$ and use the following approximation for
Fs

OCP:

fs#!$OCP &
Fs

OCP

NkBT
, ! 0.895 929! + 1.5 ln#!$

! 1.1703 !
10.84

!
. #4$

This expression fits the numerical data for 160%!$300
with an accuracy several times lower than that of Eq. #3$
#differing by up to 0.02 for !%160$. We use this expression
in place of Eq. #3$, however, because it behaves qualitatively
better for small !, as we discuss below.

The free-energy difference based on these fits is given by

'f fit
OCP#!$ & #f l ! fs$OCP = ! 0.003 243! + 1.8645!0.32301

! 1.7748 ln#!$ ! 0.2316 + 10.84/! .

#5$

In equilibrium, the system will be in the state of lowest free
energy: when 'fOCP(0, the OCP is in the liquid state, and
when 'fOCP)0, it is in the solid state. When 'fOCP=0, there
is a phase transition between the liquid and solid state. This
occurs at

ZACH MEDIN AND ANDREW CUMMING PHYSICAL REVIEW E 81, 036107 #2010$

036107-2

taken from DeWitt & Slattery (2003), Dubin (1990)



  

Two-component plasmas:
Homogeneous mixtures

The free energy: f = fLM + !f - !s

( Linear mixing rule: fLM = x1f1("1)+x2f2("2)

( Enthalpy of mixing: !f     x1x2"1

– e.g., !f = x1x2{u12 – ![u11+u22]}

– Ogata et al. 93, DeWitt & Slattery 03

( Entropy of mixing: -!s = x1ln {x1     }+x2ln {x2     }

( Total

Z
1

& Z '

#

Z
2

& Z '

>

x1

f

x1

f

x1

f

x1

f



  

Two-component plasmas:
Heterogeneous mixtures

( For homogeneous mixtures 
{x1,x2}, {a1,a2}, and {b1,b2}: if

Aa1+(1-A)b1 = x1

Aa2+(1-A)b2 = x2

Afa+(1-A)fb < fx

   then in equilibrium a 
heterogeneous mixture will 
form

( “Double tangent construction”
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f

f

b2a2

x2 b2a2

x1



19
93
A&
A.
..
27
1L
..
13
S

For binary mixtures, the type of phase diagram 
depends on the charge ratio

19
93
A&
A.
..
27
1L
..
13
S

Segretain & Chabrier (1993)

Spindle

Azeotropic
Eutectic



Horowitz et al. simulated a 17 component plasma

lidifies when the ratio of a typical Coulomb energy to the
thermal energy kT is !!175 "13#. The parameter ! is de-
fined,

! =
Z2e2

aT
, $1%

where the ion charge is Ze, the temperature is T, and the ion
sphere radius a describes a typical distance between ions, a
= $3/4"n%1/3. Here n is the ion $number% density. The phase
diagram for binary mixtures has also been determined; see,
for example, "15#. For binary mixtures, the solid phase is
enriched in the high Z ion and the liquid phase is enriched in
the low Z ion.

Often, the theoretical phase diagram is constructed from
extremely accurate calculations of the free energies of the
solid and liquid phases. The melting point is determined by
equating these two free energies. Very accurate calculations
are needed because the free energies are nearly parallel as a
function of T. A small error in the free energy of one phase
can lead to a large error in the melting point. Therefore it
may be very difficult to compute the free energy of multi-
component systems with enough accuracy to determine the
phase diagram.

Instead, in this paper we determine the phase diagram of a
multicomponent system directly via molecular dynamics
$MD% simulations. Our simulation volume contains regions
of both the liquid and solid phase. This approach has many
advantages. It is simple and robust. Delicate free energy cal-
culations are not needed. One can directly measure the com-
position of the two phases that are in equilibrium. Further-
more, one can run simulations with arbitrarily complicated
compositions.

However, there are two limitations to direct molecular
dynamics simulation. First, finite size effects may be signifi-
cant because a large fraction of the ions are near the inter-
faces between the two phases. We minimize finite size effects
by using a moderately large number of ions, 27 648, and we
measure the composition of the two phases in regions that
are away from the interfaces. Second, it can take a long time
for the two phase system to come into thermodynamic equi-
librium. We address nonequilibrium effects by running for a
total simulation time of 151 million fm/c $over six million
MD time steps% and by monitoring the time dependence of
the composition of the two phases. Still, as we discuss below,
the system may not be in full equilibrium and this may be an
important question for further work. Nevertheless, we start
with equal compositions and find dramatically different com-
positions for the liquid and solid, where the difference has
increased with simulation time. If the system is not in equi-
librium by the end of our simulation, we expect the differ-
ence between liquid and solid to only increase further with
time. Therefore we do not think nonequilibrium effects will
change our conclusion that the liquid and solid have very
different compositions.

This paper is organized as follows. In Sec. II we describe
our molecular dynamics simulation. Results are presented in
Sec. III and we conclude in Sec. IV.

II. MOLECULAR DYNAMICS SIMULATION

We now describe the initial composition for our simula-
tion. Schatz et al. have calculated the rapid proton capture
$rp% process of hydrogen burning on the surface of an accret-
ing neutron star "2#. This produces a variety of nuclei up to
atomic masses A!100. Gupta et al. "16# then calculate how
the composition of the rp process ash evolves because of
electron capture and light particle reactions as the material is
buried by further accretion. Their final composition, at a den-
sity of 2.16#1011 g /cm3 $near neutron drip at the bottom of
the outer crust% has 40% of the ions with atomic number Z
=34, while an additional 10% have Z=33. The remaining
half of the ions have a range of lower Z from Z=8 to 32.
Finally there is a small abundance of Z=36 and Z=47.

For simplicity we use the Gupta et al. abundances because
we have them available. However, these abundances were
calculated assuming no phase separation. Therefore they
have not been determined self-consistently if there is phase
separation. Nevertheless, we use them to provide a first ori-
entation. Note that we use abundances calculated near
1011 g /cm3, while the ocean or crust boundary may be near
1010 g /cm3. The differences in composition at these two den-
sities may be primarily do to a modest amount of electron
capture. This should not significantly change our results. Per-
haps phase separation will lead to more important changes in
the abundances. Chemical separation is expected to change
compositions over a large range of densities in addition to
densities near the ocean or crust interface. For example,
changes in composition of the liquid, near the crust interface,
are expected to diffuse throughout the ocean. As we discuss
in Sec. IV future calculations of abundances including phase
separation would be very useful.

As an initial composition we chose 432 ions with Z and
mass number A drawn at random according to the Gupta et
al. abundances. This is shown in Fig. 2 and listed in Table I
and closely approximates the original distribution up to limi-
tations of the small statistics. We chose such a small system,
432 ions, to simplify producing the original solid configura-

0 10 20 30 40 50
Z

10
-3

10
-2

10
-1

y z
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FIG. 2. $Color online% Abundance $by number% of chemical el-
ements vs atomic number Z. The plus symbols show the initial
composition of the mixture. The final compositions of the liquid
phase $open green circles% and solid phase $filled red squares% are
shown after a simulation time of 151#106 fm/c; see Sec. III.
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[cf. Eq. (14)]. With these two equations (and a1+a2 = 1,
b1 + b2 = 1), if we are given !1 we can solve for a1 and
b1. This allows us to trace out the liquid-solid unsta-
ble region of the phase diagram for !1 versus x1. Note
that to map out the full phase diagram we also need to
know the shape of the solid-solid unstable region; this is
most important at large !1. Examples of phase diagrams
for TCPs (including both types of unstable regions) are
shown in the appendices.

C. The multi-component plasma

The free energy of an m-component plasma (MCP) can
be described as a function of N , T , the fraction compo-
sition of each ion species xi = Ni/N (though xm is not
needed, since xm = 1!

!

xi), and the Coulomb coupling
parameter of one ion species. In the following we solve for

!1 = Z5/3
1 !e and then use the relation !i = (Zi/Z1)5/3!1

to find the other parameters.
As with the two-component plasma, the free energy of

the liquid phase of a multi-component plasma is very well
described by the linear mixing rule (but see Appendix B):

fMCP
l (!1, x1, . . . , xm!1)

"
m

"

i=1

xi

#

fOCP
l (!i) + ln

$

xi
Zi

#Z$

%&

(23)

where #Z$ =
!m

i=1 xiZi.
The free energy of the solid phase of the MCP is

fMCP
s (!1, x1, . . . , xm!1)

"
m

"

i=1

xi

#

fOCP
s (!i) + ln

$

xi
Zi

#Z$

%&

+"fs(!1, x1, . . . , xm!1) . (24)

According to Ogata et al. [15], the deviation of the solid
from linear mixing "fs for a three-component plasma is
given to good accuracy by

"fs(!1, x1, . . . , xm!1)

"
m!1
"

i=1

m
"

j=i+1

!ixixj"g

$

xj

xi + xj
,
Zj

Zi

%

, (25)

where Z1 < Z2 < · · · < Zm and "g(x,RZ) is given by
Eq. (14). We assume here that Eq. (25) applies for all
m % 2. A partial justification for this assumption is
provided in Appendix C.

In the m-component plasma we construct (m ! 1)-
dimensional hyperplanes tangent to the minimum free
energy surface in at least two points, corresponding to
the compositions !a and !b. Any homogeneous composi-
tion !x that lies between !a and !b, i.e., any !x which can
be expressed as A!a + (1 ! A)!b = !x for some 0 < A < 1,
is unstable with respect to a heterogeneous mixture of !a
and !b.

1. Solving for the liquid-solid equilibrium of the
multi-component plasma

For a multi-component plasma, liquid-solid phase tran-
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tangent hyperplanes can be drawn connecting the free
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Idea: use fits to the free-energies of one and two component plasmas 
and extend to higher dimensions
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[cf. Eq. (14)]. With these two equations (and a1+a2 = 1,
b1 + b2 = 1), if we are given !1 we can solve for a1 and
b1. This allows us to trace out the liquid-solid unsta-
ble region of the phase diagram for !1 versus x1. Note
that to map out the full phase diagram we also need to
know the shape of the solid-solid unstable region; this is
most important at large !1. Examples of phase diagrams
for TCPs (including both types of unstable regions) are
shown in the appendices.

C. The multi-component plasma

The free energy of an m-component plasma (MCP) can
be described as a function of N , T , the fraction compo-
sition of each ion species xi = Ni/N (though xm is not
needed, since xm = 1!
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xi), and the Coulomb coupling
parameter of one ion species. In the following we solve for

!1 = Z5/3
1 !e and then use the relation !i = (Zi/Z1)5/3!1

to find the other parameters.
As with the two-component plasma, the free energy of

the liquid phase of a multi-component plasma is very well
described by the linear mixing rule (but see Appendix B):
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where Z1 < Z2 < · · · < Zm and "g(x,RZ) is given by
Eq. (14). We assume here that Eq. (25) applies for all
m % 2. A partial justification for this assumption is
provided in Appendix C.
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tion !x that lies between !a and !b, i.e., any !x which can
be expressed as A!a + (1 ! A)!b = !x for some 0 < A < 1,
is unstable with respect to a heterogeneous mixture of !a
and !b.

1. Solving for the liquid-solid equilibrium of the
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[cf. Eq. (14)]. With these two equations (and a1+a2 = 1,
b1 + b2 = 1), if we are given !1 we can solve for a1 and
b1. This allows us to trace out the liquid-solid unsta-
ble region of the phase diagram for !1 versus x1. Note
that to map out the full phase diagram we also need to
know the shape of the solid-solid unstable region; this is
most important at large !1. Examples of phase diagrams
for TCPs (including both types of unstable regions) are
shown in the appendices.

C. The multi-component plasma

The free energy of an m-component plasma (MCP) can
be described as a function of N , T , the fraction compo-
sition of each ion species xi = Ni/N (though xm is not
needed, since xm = 1!
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xi), and the Coulomb coupling
parameter of one ion species. In the following we solve for

!1 = Z5/3
1 !e and then use the relation !i = (Zi/Z1)5/3!1

to find the other parameters.
As with the two-component plasma, the free energy of

the liquid phase of a multi-component plasma is very well
described by the linear mixing rule (but see Appendix B):

fMCP
l (!1, x1, . . . , xm!1)

"
m

"

i=1

xi

#

fOCP
l (!i) + ln

$

xi
Zi

#Z$

%&

(23)

where #Z$ =
!m

i=1 xiZi.
The free energy of the solid phase of the MCP is

fMCP
s (!1, x1, . . . , xm!1)

"
m

"

i=1

xi

#

fOCP
s (!i) + ln

$

xi
Zi

#Z$

%&

+"fs(!1, x1, . . . , xm!1) . (24)

According to Ogata et al. [15], the deviation of the solid
from linear mixing "fs for a three-component plasma is
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where Z1 < Z2 < · · · < Zm and "g(x,RZ) is given by
Eq. (14). We assume here that Eq. (25) applies for all
m % 2. A partial justification for this assumption is
provided in Appendix C.

In the m-component plasma we construct (m ! 1)-
dimensional hyperplanes tangent to the minimum free
energy surface in at least two points, corresponding to
the compositions !a and !b. Any homogeneous composi-
tion !x that lies between !a and !b, i.e., any !x which can
be expressed as A!a + (1 ! A)!b = !x for some 0 < A < 1,
is unstable with respect to a heterogeneous mixture of !a
and !b.

1. Solving for the liquid-solid equilibrium of the
multi-component plasma

For a multi-component plasma, liquid-solid phase tran-
sitions occur at compositions and ! values where double-
tangent hyperplanes can be drawn connecting the free
energy surfaces of the liquid and the solid. For a double-
tangent hyperplane connecting fl(!a) to fs(!b), the hyper-
plane must satisfy
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use Ogata et al.’s fitting 
formula for the deviation 
from linear mixing, 
applied between all pairs 
of nuclei in the mixture



Analytic model reproduces the MD results to 10’s of percent

compositions of the liquid and solid states for both the HBB
numerical simulation and our semianalytic calculation. Fig-
ure 3 !cf. Fig. 6 of HBB" shows the ratio of the solid abun-
dance to the liquid abundance versus atomic number Z for
both works.

Also plotted in Fig. 3 are the abundance ratios in the
two-component approximation. In this approximation, the
abundance ratios for each element are calculated assuming
the plasma is composed of only two ion species, the element
itself, and the most abundant element in the mixture !i.e., i
=15 or Z=34; see Table I". The initial composition of the
mixture is chosen such that the ratio of the abundances of the
two elements is the same as in HBB !e.g., x1 /x15
=0.0301 /0.3866, but now x1+x15=1"; however, the results
do not change much qualitatively if we choose some other

scheme. As with the 17-component plasma, we solve for the
point where half of the plasma is liquid and half is solid.
Note that the Z=34 abundance ratio is not plotted in Fig. 3
for this approximation, as its value is different for each two-
element pairing. The two-component approximation repro-
duces the abundance ratio trend of the 17-component plasma,
including the relatively constant behavior at low Z and the
peak at Z=34. It does not give accurate absolute values of
the ratios, particularly for Z around Z=34 !where the true
solid-to-liquid ratio is greater than unity".

TABLE III. As in Table II, except that diffusion is assumed to be negligible in the solid !see text".

No diffusion
#Z$l=27.370, #Z$s=30.680, !1=27.38, !l=221.2, !s=260.6 !!1 error: !1%"

Z Initial Liquid % Error Solid % Error

8 0.0301 0.0526 !0.5 0.0076 !13
10 0.0116 0.0204 !0.5 0.0028 +34
12 0.0023 0.0041 !5 0.0005 !14
14 0.0023 0.0041 !4 0.0005 !5
15 0.0023 0.0041 !4 0.0005 +19
20 0.0046 0.0077 +39 0.0015 !47
22 0.0810 0.1289 +26 0.0331 !46
24 0.0718 0.1018 +25 0.0418 !34
26 0.1019 0.1240 +16 0.0798 !22
27 0.0023 0.0025 +1 0.0021 !23
28 0.0764 0.0786 +6 0.0742 !0.5
30 0.0856 0.0753 !3 0.0959 +1
32 0.0116 0.0091 !8 0.0141 +8
33 0.1250 0.0953 !12 0.1547 +11
34 0.3866 0.2863 !16 0.4869 +13
36 0.0023 0.0017 !18 0.0029 !4
47 0.0023 0.0034 +15 0.0012 !11
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FIG. 2. !Color online" Abundances x as a function of chemical
element Z for the final liquid and solid mixtures. Both the values
from our equilibrium calculation !Liquid and Solid, large open
squares and circles, respectively" and from the numerical simulation
of HBB !HBB, small filled squares and circles" are shown.
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FIG. 3. !Color online" Ratio of the solid abundance to the liquid
abundance xs /xl as a function of chemical element Z. Both the
values from our equilibrium calculation !Current work, open
squares" and from the numerical simulation of HBB !HBB, filled
diamonds and triangles" are shown, as are the values predicted from
the two-component approximation !TCP approx., open circles; see
text". If for a given element the HBB ratio is still evolving at the
end of the simulation, it is plotted with a triangle that points in the
direction of evolution; if the ratio is not changing or is oscillating
up and down, it is plotted with a diamond.
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Another comparison: freezing of a CO mixture

where hZi changes from below to above average are as-
sumed to represent liquid-solid interfaces and their com-
position is discarded. The remaining 11 regions are used to
calculate the average composition of the liquid xlc and solid
xsc. Figure 1 shows the difference x

l
c ! xsc versus simulation

time. Note that there are relatively large statistical errors.
The solid curves in Fig. 1 are least squares fits of the form
xlc ! xsc " a#1! exp$!bt%& with a and b constants.

We see that nonequilibrium effects can be significantly
larger for mixtures, because it can take a long time for
impurities to diffuse. We note that the solid is enriched in
oxygen, compared to the average composition, for runs
c75, c50, and c25, while for run c824 the solid is enriched
in carbon, compared to the average composition. Simple
estimates of diffusion times suggest that the concentration
should have equilibrated by the relatively long simulation
time of 2' 109 fm=c. Runs c75, c50, and c25 were per-
formed on special purpose MDGRAPE-2 hardware [21] and
took approximately six months of computer time each.

We average the liquid and solid compositions over the
final approximately 400' 106 fm=c of simulation time to
determine the carbon-oxygen phase diagram. These results
are listed in Table I and plotted in Fig. 2 as filled red circles.
The upper curve gives the composition of the liquid that is
in equilibrium with a solid of composition given by the
lower curve. Note that the run c1 is plotted twice in Fig. 2,
first at xo " 0 (pure carbon) and then rescaled to xo " 1
(pure oxygen). We find that the melting temperature of
carbon-oxygen mixtures is considerably below the con-
stant !m " 178 prediction, Eqs. (1) and (2). This is plotted
as a dot-dot-dashed line in Fig. 2. Our melting temperatures
are also below the results of Segretain et al. [6]. We
speculate that this could be because of small errors in
Segretain et al.’s density functional calculations of the
solid free energy.

Our results agree qualitatively with Ogata et al. [7], and,
in general, agree well with Medin and Cumming [13]. Both
of these calculations are based on Monte Carlo or MD

simulation free energies for the liquid and solid phases.
Although the overall agreement with Medin and Cumming
is good, there is a tendency for our simulations to predict
smaller differences in composition between the liquid and
solid phases xlo ! xso. This could be because of finite size
effects in our simulations. In equilibrium, there is a com-
position gradient, as a function of position, across the
liquid-solid interface. Therefore, if one probes the compo-
sition of the liquid and solid in positions that are too close
to the interface, one will naturally get smaller differences
between xlo and xso. Alternatively, x

l
o ! xso could be sensi-

tive to small errors in Medin and Cummings’ free energies.
Overall, given the agreement between our results and those
of Ogata et al. and Medin and Cumming, we conclude that
the carbon-oxygen phase diagram is largely known and
that it is of azeotrope, instead of spindle, form.
We now discuss implications of our carbon-oxygen

phase diagram on white dwarf star crystallization, limits
on the oxygen fraction of WDs, and possible limits on the
12C$!;"% reaction rate. Winget et al. observe the luminos-
ity function (number of WDwith a given luminosity versus
luminosity) for the globular star cluster NGC 6397 [2].
They find a peak in the luminosity function that they
attribute to crystallization, and they claim that the location
of the peak is sensitive to the crystallization temperature of
the WD core.
Winget et al.’s observations agree well with theoretical

luminosity functions for $0:5–0:535%M( WDs with pure
carbon cores. The observations disagree with a theoretical
luminosity function assuming a WD core of 50% carbon
and 50% oxygen by mass (or xo " 0:43 by number). This

0 500 1000 1500 2000

t (10
6
 fm/c)

-0.02

0

0.02

0.04

0.06

0.08

0.1

x cl  - 
x cs

c824

c75

c50

c25

FIG. 1 (color online). Number fraction of carbon in the liquid
phase minus the number fraction of carbon in the solid phase
versus simulation time for the simulations of Table I.
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FIG. 2 (color online). Melting temperature T of carbon-
oxygen mixtures over the melting temperature Tc of pure carbon,
versus oxygen number fraction xo " 1! xc. Simulation results
of Table I are plotted as filled red circles connected by dashed
lines. The xo in the liquid and in the solid are shown as two
separate lines. Also shown are the phase diagram results of
Medin and Cumming [13] as solid black lines, the Ogata et al.
results [7] as dotted blue lines and the Segretain et al. results [6]
as dot-dashed green lines. Finally the black dot-dot-dashed line
corresponds to ! " 178:4 in Eq. (1).

PRL 104, 231101 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending
11 JUNE 2010

231101-3

Horowitz et al. (2010)



L8 WINGET ET AL. Vol. 693

 22

 23

 24

 25

 26

 27

 28

 29

 30
-0.5  0  0.5  1  1.5  2

F
81

4W

F606W-F814W

NGC 6397 white dwarfs with DA and DB evolutionary tracks with
Bergeron-Kowalski Colors and E=0.22,(m-M)=12.49

DA 0.450
0.475
0.500
0.535
0.580
0.685
0.800
0.900

DB 0.450
0.500
0.535
0.580
0.685
0.800
0.900

Figure 2. NGC 6397 WDs with DA and DB evolutionary sequences using the atmospheres of Holberg & Bergeron (2006). This includes an analytical adjustment for
the effects of Ly! red-wing opacity as computed by Kawalski (2007).

Figure 3. Top panel: the observed WD LF (histogram) and completeness relation
(dotted line) of the Richer et al. (2008) sample for NGC 6397. Lower panel: the
same for the Hansen et al. (2007) sample. For both samples, we note that the
completeness changes fairly slowly over the region of the observed rapid falloff
of stars while remaining above 50%.

for the DB sequence. We adopt a carbon core model including
the effects of crystallization for this sequence.

Assuming a constant star formation rate, the theoretical LF is
proportional to the “cooling function” of an evolutionary model
sequence. This function is given by the derivative (dt/dm),
where m is the F814W magnitude of a given model and t is its

Figure 4. Observed WD LF of NGC 6397 (Richer et al. 2008, histogram)
with LFs from theoretical evolutionary sequences of 0.5 M! DA models with
pure carbon cores (lines): crystallization with (Pure_C_Xtal) and without
(Pure_C_Xtal_No_LH) the release of latent heat, and excluding the physics
of crystallization altogether (Pure_C_No_Xtal). The normalization of the
theoretical curves is chosen to minimize the rms residuals in the neighborhood of
the peak, between the magnitudes of 25.1 and 27.7, the faintest value calculated
for the no crystallization case. The value of the average residual for each curve
is listed in the legend, e.g., it is 4.77 for the “Pure_C_Xtal” case.

age. Since we will be comparing directly with the data, we also
multiply the theoretical LF by the completeness correction given
explicitly in Table 4 of Richer et al. (2008) and shown in the
top panel of our Figure 3. Finally, we normalize the resulting

White dwarf cooling
sequence in NGC 6397

Winget et al 2009



2

et al. 2008). Similarly, Brown & Cumming (2009) in-
ferred a large inwards heat flux in the outer crust of the
transiently-accreting neutron stars MXB 1659-29 and KS
1731-260 by fitting their cooling curves in quiescence.
Both of these observations imply an additional heating
source in the outer crust or ocean is needed. In this pa-
per, we begin to address the question of to what extent
chemical separation could enrich the ocean in carbon and
other light elements, or provide a heat source that could
alleviate some of the di!culty of matching the observa-
tions of superbursts and transient cooling.
We begin in §2 by reviewing the physics of chemical

separation, and discussing the timescales on which accre-
tion, crystallization, di"usion, sedimentation, and con-
vection occur, leading us to a picture of compositionally-
driven convection. In §3 we calculate the structure of
the steady-state ocean for two simplified models: first,
accretion of a two-component mixture composed of Se
and either O or Fe; and second, accretion of a mixture
of H and He which then burns to produce these heavier-
element mixtures. In §4 we consider the e"ect of the
mixing on the thermal profile, and calculate the heat-
ing of the ocean due to the convective transport of light
elements outwards. Finally, in §5 we discuss the impli-
cations of our results.

2. MIXING PROCESSES IN THE OCEAN

2.1. Phase diagrams and chemical separation

The degree of chemical separation on freezing can be
understood from the phase diagram for the mixture. Fig-
ure 1 shows two examples of phase diagrams, calculated
as described in Paper I. The upper panel is for a mixture
of 56Fe (Z = 26) and 79Se (Z = 34), the lower panel
for a mixture of 16O (Z = 8) and 79Se (Z = 34). In
the first case the diagram is of azeotrope type; in the
second case, for which the ratio of atomic numbers Z is
greater, the diagram is a more complicated eutectic type.
In each case, the x-axis shows the number fraction of Se
and the y-axis shows the inverse Coulomb coupling pa-
rameter for the light species (Fe or O respectively) #!1.
The Coulomb coupling parameter for species i is

#i =
Z5/3
i e2

kBT

!

4!"Ye

3mp

"1/3

= 204 "1/39

!

T8

3

"!1 !Zi

34

"5/3 ! Ye

0.43

"1/3

, (1)

where Zi is the charge of the ion, Ye = !Z"/!A", !Z"
and !A" are the average charge and mass per ion of
the mixture, "9 = "/(109 g/cm3) the density, and T8 =
T/(108 K) the temperature. For a single species of ion,
solidification occurs when #1 > #m # 175 (e.g., Potekhin
& Chabrier 2000). Note that for a given " and T (or
depth in the star), #i is nearly constant with composi-
tion. As a fluid element is compressed by accretion to
higher density, #1 increases, moving down in the phase
diagram. The shaded regions represent unstable regions
of the phase diagram. A fluid element with composition
and #1 that lies inside the unstable region will undergo
phase separation, separating into two phases with com-
positions on each side of the unstable region. In this way,
chemical separation occurs. Note that the curves that
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Fig. 1.— (Color online) The phase diagram for crystallization of
an 56Fe-79Se mixture (top panel) and an 16O-79Se mixture (bottom
panel) in a T = 3!108 K ocean. The Coulomb coupling constants
!Fe,O are given in terms of !crit " 175, the value at which a single-
species plasma crystallizes. The stable liquid region of each phase
diagram is labeled ‘L’, the stable solid region(s) are labeled ‘S’ or
‘S1’ and ‘S2’, and the unstable region is filled with plus symbols.
Additionally, in each panel the composition at the top of the ocean
is marked by a vertical dashed line, the ocean-crust boundary is
marked by a horizontal dotted line, the composition of the liquid
at the base of the ocean is marked by a filled square, and the
composition of the solid(s) in the outer crust are marked by filled
circles.

bound the unstable region are commonly referred to as
the liquidus and solidus curves, respectively. A liquid
with composition of the liquidus curve at a given #1 is
in equilibrium with the solid which has the composition
of the solidus curve at that #1.
Now consider a particular mixture of Fe and Se enter-

ing the top of the ocean with xSe = 0.7 (this corresponds
to 77% Se and 23% Fe by mass), indicated by the verti-
cal dashed line in the upper panel of Fig. 1. In steady
state, the solid forming at the top of the crust must have
this same composition, so that the freezing point must
lie at #m/#Fe # 1.1 as marked by the filled circle in
Fig. 1. The corresponding liquid composition in equilib-
rium with the solid at this #Fe is indicated by the solid
square. The phase diagram shows that the liquid at the
base of the ocean must have a composition xSe # 0.56
(63% Se by mass) in order to make the solid composition
demanded by steady state.

Light elements are left 
behind in the ocean, 
what is the steady state?

Ocean must be enriched 
in light elements at the 
base in order to freeze 
out the correct mixture

Medin & Cumming (2011, ApJ)



Crystallization of solid particles
Can argue that solid particles rapidly form and “rain 
out” at the base of the ocean

• Accretion time is long

• Nucleation rate is not well-understood, but rapid
• Once nucleated, crystal growth likely diffusion limited

• Estimate sedimentation velocity from Einstein relation

• compare to accretion velocity

3

The lower panel of Fig. 1 shows a more complicated
example. The vertical dotted line marks an incoming
composition with xSe = 0.9 (corresponding to 98% Se
and 2% O by mass). In this case, there is no single
solid phase with this composition. Instead, at !m/!O !
3.5, a mixture of two solid phases indicated by the filled
circles forms, and the liquid at the base of the ocean
has xSe ! 0.25 (63% Se by mass). Again, in order to
reach steady state, the base of the ocean must adjust
its composition until it is significantly enriched in light
elements compared to the composition at the top of the
ocean.

2.2. Crystallization of solid particles

To see how the ocean is able to adjust its composition
profile to achieve steady state, we first note that solid
particles crystallize and sediment out rapidly compared
to the accretion timescale on which matter is compressed.
The accretion time is taccr = HP /vaccr = y/ṁ or

taccr = 3.2
y12
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where HP = P/!g = y/! is the pressure scale height,
y is the column depth, ṁ is the local accretion rate
per unit area and in the last step we use the fact that
the pressure in the ocean is dominated by relativis-
tic degenerate electrons. We scale to a typical rate
ṁ4 = ṁ/(104 g cm!2 s!1) (to set the scale note that the
Eddington rate is ṁEdd ! 105 g cm!2 s!1). We choose
the gravity g14 = g/(1014 cm/s2) = 2.45 corresponding
to a 1.4 M", R = 10 km neutron star.
First, consider crystallization. The nucleation rate, the

rate at which solid clusters of a size large enough to be
stable are formed, is not currently well understood. The-
ory typically predicts nucleation rates orders of magni-
tude smaller than experiment or simulations indicate (see
Vehkamäki 2006). For an OCP for example, the nucle-
ation rate at !1 = 300 from the theoretical model of
Ichimaru et al. (1983) is" 10!6 of its value from the sim-
ulation of Daligault (2006b). Cooper & Bildsten (2008)
recently derived a value within a factor of 10 of the sim-
ulations, but their formulation predicts the formation of
stable solid clusters even at !1 < 175 when the liquid
phase should be absolutely stable with respect to the
solid. Taking the Ichimaru et al. (1983) results, we find
that the amount of undercooling necessary for the nucle-
ation rate to become comparable to the accretion rate is
!1 # !m " 0.1!m, but given that the theory underpre-
dicts the simulation results, the amount of undercooling
required is probably much less than this. Additionally,
at the base of the ocean solid clusters do not need to
wait for nucleation sites to form but can crystallize on
the existing crust.
Once a cluster forms it increases in size at the crys-

tallization velocity which is of order vcrys " a"p (e.g.,
Kelton, Greer, & Thompson 1983), where a is the mean
ion spacing and "p is the ion plasma frequency given by

"p =
$
4#!(Yee/mp) = 1.4 % 1019!1/29 (Ye/0.43) rad/s.

In a multicomponent plasma crystal growth is slower,
since as a solid cluster grows chemical separation means
that the liquid surrounding the cluster is depleted more
and more of the particles necessary to form the solid.

The crystallization rate therefore depends on the rate at
which di"usion can replenish the depleted particles. In

a liquid with 100 < ! < 300, where ! = &Z5/3'!i/Z
5/3
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is the average Coulomb coupling constant, the di"usion
coe#cient for species i is
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(Horowitz et al. 2010; see also Daligault & Murillo
2005). We assume that to bind to a cluster, new ma-
terial must travel a distance l equal to the current size
of the cluster; in this case, the cluster growth time is
l2/D ! 10!4"!1

p (l/a)2(!/100)2.5. For a solid cluster of

Ns particles, (l/a)2 ! N2/3
s .

Therefore as soon as the mixture encounters the liq-
uidus line in the phase diagram, we expect solid parti-
cles to rapidly form and grow. Once formed, the solid
particles will quickly sediment out. We estimate the sed-
imentation velocity for solid clusters following Bildsten &
Hall (2001) and Brown et al. (2002). The sedimentation
velocity is given by the Einstein relation
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where $Ye/Ye = 1 # Ye,s/Ye,l is the contrast between
Ye for the solid particles and the background fluid.
Note that in Eq. (4) we have neglected the contribu-
tion of the ions to the buoyancy force. Usually this
amounts to a " 10% correction; but when $Ye = 0
this is the dominant term (Mochkovitch 1983). We
use the Stokes-Einstein relation to estimate the mobil-
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#

4#$aN1/3
s

$!1
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Comparing with the accretion velocity vaccr = ṁ/! =
10!5ṁ4!
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9 cm/s, we find that the critical cluster size

above which the particles sediment out is
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Note that the simple nature of our estimates means that
there are considerable uncertainties in the crystallization
and sedimentation velocities we find here. Despite this,
however, the timescale for a cluster to grow to a size
Ns,crit is so short that the conclusion that the solid par-
ticles rapidly fall out of the ocean seems inescapable.
Setting Ns,crit = 1 in Eq. (6) provides an estimate

of when relative separation of light and heavy elements
(without forming solid clusters) is expected to occur.
This gives ṁ = 300 g cm!2 s!1 ! 0.003ṁEdd, below the
accretion rates of persistent LMXBs or most transient
LMXBs in outburst. However, separation of light and
heavy elements is something that should be considered
during quiescent periods in transient accretors (Brown
et al. 2002) or at low accretion rates (Peng, Brown, &
Truran 2007).
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The lower panel of Fig. 1 shows a more complicated
example. The vertical dotted line marks an incoming
composition with xSe = 0.9 (corresponding to 98% Se
and 2% O by mass). In this case, there is no single
solid phase with this composition. Instead, at !m/!O !
3.5, a mixture of two solid phases indicated by the filled
circles forms, and the liquid at the base of the ocean
has xSe ! 0.25 (63% Se by mass). Again, in order to
reach steady state, the base of the ocean must adjust
its composition until it is significantly enriched in light
elements compared to the composition at the top of the
ocean.

2.2. Crystallization of solid particles

To see how the ocean is able to adjust its composition
profile to achieve steady state, we first note that solid
particles crystallize and sediment out rapidly compared
to the accretion timescale on which matter is compressed.
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where HP = P/!g = y/! is the pressure scale height,
y is the column depth, ṁ is the local accretion rate
per unit area and in the last step we use the fact that
the pressure in the ocean is dominated by relativis-
tic degenerate electrons. We scale to a typical rate
ṁ4 = ṁ/(104 g cm!2 s!1) (to set the scale note that the
Eddington rate is ṁEdd ! 105 g cm!2 s!1). We choose
the gravity g14 = g/(1014 cm/s2) = 2.45 corresponding
to a 1.4 M", R = 10 km neutron star.
First, consider crystallization. The nucleation rate, the

rate at which solid clusters of a size large enough to be
stable are formed, is not currently well understood. The-
ory typically predicts nucleation rates orders of magni-
tude smaller than experiment or simulations indicate (see
Vehkamäki 2006). For an OCP for example, the nucle-
ation rate at !1 = 300 from the theoretical model of
Ichimaru et al. (1983) is" 10!6 of its value from the sim-
ulation of Daligault (2006b). Cooper & Bildsten (2008)
recently derived a value within a factor of 10 of the sim-
ulations, but their formulation predicts the formation of
stable solid clusters even at !1 < 175 when the liquid
phase should be absolutely stable with respect to the
solid. Taking the Ichimaru et al. (1983) results, we find
that the amount of undercooling necessary for the nucle-
ation rate to become comparable to the accretion rate is
!1 # !m " 0.1!m, but given that the theory underpre-
dicts the simulation results, the amount of undercooling
required is probably much less than this. Additionally,
at the base of the ocean solid clusters do not need to
wait for nucleation sites to form but can crystallize on
the existing crust.
Once a cluster forms it increases in size at the crys-

tallization velocity which is of order vcrys " a"p (e.g.,
Kelton, Greer, & Thompson 1983), where a is the mean
ion spacing and "p is the ion plasma frequency given by

"p =
$
4#!(Yee/mp) = 1.4 % 1019!1/29 (Ye/0.43) rad/s.

In a multicomponent plasma crystal growth is slower,
since as a solid cluster grows chemical separation means
that the liquid surrounding the cluster is depleted more
and more of the particles necessary to form the solid.

The crystallization rate therefore depends on the rate at
which di"usion can replenish the depleted particles. In

a liquid with 100 < ! < 300, where ! = &Z5/3'!i/Z
5/3
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is the average Coulomb coupling constant, the di"usion
coe#cient for species i is
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(Horowitz et al. 2010; see also Daligault & Murillo
2005). We assume that to bind to a cluster, new ma-
terial must travel a distance l equal to the current size
of the cluster; in this case, the cluster growth time is
l2/D ! 10!4"!1

p (l/a)2(!/100)2.5. For a solid cluster of

Ns particles, (l/a)2 ! N2/3
s .

Therefore as soon as the mixture encounters the liq-
uidus line in the phase diagram, we expect solid parti-
cles to rapidly form and grow. Once formed, the solid
particles will quickly sediment out. We estimate the sed-
imentation velocity for solid clusters following Bildsten &
Hall (2001) and Brown et al. (2002). The sedimentation
velocity is given by the Einstein relation
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where $Ye/Ye = 1 # Ye,s/Ye,l is the contrast between
Ye for the solid particles and the background fluid.
Note that in Eq. (4) we have neglected the contribu-
tion of the ions to the buoyancy force. Usually this
amounts to a " 10% correction; but when $Ye = 0
this is the dominant term (Mochkovitch 1983). We
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10!5ṁ4!
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Note that the simple nature of our estimates means that
there are considerable uncertainties in the crystallization
and sedimentation velocities we find here. Despite this,
however, the timescale for a cluster to grow to a size
Ns,crit is so short that the conclusion that the solid par-
ticles rapidly fall out of the ocean seems inescapable.
Setting Ns,crit = 1 in Eq. (6) provides an estimate

of when relative separation of light and heavy elements
(without forming solid clusters) is expected to occur.
This gives ṁ = 300 g cm!2 s!1 ! 0.003ṁEdd, below the
accretion rates of persistent LMXBs or most transient
LMXBs in outburst. However, separation of light and
heavy elements is something that should be considered
during quiescent periods in transient accretors (Brown
et al. 2002) or at low accretion rates (Peng, Brown, &
Truran 2007).
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The lower panel of Fig. 1 shows a more complicated
example. The vertical dotted line marks an incoming
composition with xSe = 0.9 (corresponding to 98% Se
and 2% O by mass). In this case, there is no single
solid phase with this composition. Instead, at !m/!O !
3.5, a mixture of two solid phases indicated by the filled
circles forms, and the liquid at the base of the ocean
has xSe ! 0.25 (63% Se by mass). Again, in order to
reach steady state, the base of the ocean must adjust
its composition until it is significantly enriched in light
elements compared to the composition at the top of the
ocean.

2.2. Crystallization of solid particles

To see how the ocean is able to adjust its composition
profile to achieve steady state, we first note that solid
particles crystallize and sediment out rapidly compared
to the accretion timescale on which matter is compressed.
The accretion time is taccr = HP /vaccr = y/ṁ or

taccr = 3.2
y12
ṁ4
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where HP = P/!g = y/! is the pressure scale height,
y is the column depth, ṁ is the local accretion rate
per unit area and in the last step we use the fact that
the pressure in the ocean is dominated by relativis-
tic degenerate electrons. We scale to a typical rate
ṁ4 = ṁ/(104 g cm!2 s!1) (to set the scale note that the
Eddington rate is ṁEdd ! 105 g cm!2 s!1). We choose
the gravity g14 = g/(1014 cm/s2) = 2.45 corresponding
to a 1.4 M", R = 10 km neutron star.
First, consider crystallization. The nucleation rate, the

rate at which solid clusters of a size large enough to be
stable are formed, is not currently well understood. The-
ory typically predicts nucleation rates orders of magni-
tude smaller than experiment or simulations indicate (see
Vehkamäki 2006). For an OCP for example, the nucle-
ation rate at !1 = 300 from the theoretical model of
Ichimaru et al. (1983) is" 10!6 of its value from the sim-
ulation of Daligault (2006b). Cooper & Bildsten (2008)
recently derived a value within a factor of 10 of the sim-
ulations, but their formulation predicts the formation of
stable solid clusters even at !1 < 175 when the liquid
phase should be absolutely stable with respect to the
solid. Taking the Ichimaru et al. (1983) results, we find
that the amount of undercooling necessary for the nucle-
ation rate to become comparable to the accretion rate is
!1 # !m " 0.1!m, but given that the theory underpre-
dicts the simulation results, the amount of undercooling
required is probably much less than this. Additionally,
at the base of the ocean solid clusters do not need to
wait for nucleation sites to form but can crystallize on
the existing crust.
Once a cluster forms it increases in size at the crys-

tallization velocity which is of order vcrys " a"p (e.g.,
Kelton, Greer, & Thompson 1983), where a is the mean
ion spacing and "p is the ion plasma frequency given by

"p =
$
4#!(Yee/mp) = 1.4 % 1019!1/29 (Ye/0.43) rad/s.

In a multicomponent plasma crystal growth is slower,
since as a solid cluster grows chemical separation means
that the liquid surrounding the cluster is depleted more
and more of the particles necessary to form the solid.

The crystallization rate therefore depends on the rate at
which di"usion can replenish the depleted particles. In

a liquid with 100 < ! < 300, where ! = &Z5/3'!i/Z
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is the average Coulomb coupling constant, the di"usion
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(Horowitz et al. 2010; see also Daligault & Murillo
2005). We assume that to bind to a cluster, new ma-
terial must travel a distance l equal to the current size
of the cluster; in this case, the cluster growth time is
l2/D ! 10!4"!1

p (l/a)2(!/100)2.5. For a solid cluster of

Ns particles, (l/a)2 ! N2/3
s .

Therefore as soon as the mixture encounters the liq-
uidus line in the phase diagram, we expect solid parti-
cles to rapidly form and grow. Once formed, the solid
particles will quickly sediment out. We estimate the sed-
imentation velocity for solid clusters following Bildsten &
Hall (2001) and Brown et al. (2002). The sedimentation
velocity is given by the Einstein relation
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where $Ye/Ye = 1 # Ye,s/Ye,l is the contrast between
Ye for the solid particles and the background fluid.
Note that in Eq. (4) we have neglected the contribu-
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Note that the simple nature of our estimates means that
there are considerable uncertainties in the crystallization
and sedimentation velocities we find here. Despite this,
however, the timescale for a cluster to grow to a size
Ns,crit is so short that the conclusion that the solid par-
ticles rapidly fall out of the ocean seems inescapable.
Setting Ns,crit = 1 in Eq. (6) provides an estimate

of when relative separation of light and heavy elements
(without forming solid clusters) is expected to occur.
This gives ṁ = 300 g cm!2 s!1 ! 0.003ṁEdd, below the
accretion rates of persistent LMXBs or most transient
LMXBs in outburst. However, separation of light and
heavy elements is something that should be considered
during quiescent periods in transient accretors (Brown
et al. 2002) or at low accretion rates (Peng, Brown, &
Truran 2007).
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The lower panel of Fig. 1 shows a more complicated
example. The vertical dotted line marks an incoming
composition with xSe = 0.9 (corresponding to 98% Se
and 2% O by mass). In this case, there is no single
solid phase with this composition. Instead, at !m/!O !
3.5, a mixture of two solid phases indicated by the filled
circles forms, and the liquid at the base of the ocean
has xSe ! 0.25 (63% Se by mass). Again, in order to
reach steady state, the base of the ocean must adjust
its composition until it is significantly enriched in light
elements compared to the composition at the top of the
ocean.

2.2. Crystallization of solid particles

To see how the ocean is able to adjust its composition
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where HP = P/!g = y/! is the pressure scale height,
y is the column depth, ṁ is the local accretion rate
per unit area and in the last step we use the fact that
the pressure in the ocean is dominated by relativis-
tic degenerate electrons. We scale to a typical rate
ṁ4 = ṁ/(104 g cm!2 s!1) (to set the scale note that the
Eddington rate is ṁEdd ! 105 g cm!2 s!1). We choose
the gravity g14 = g/(1014 cm/s2) = 2.45 corresponding
to a 1.4 M", R = 10 km neutron star.
First, consider crystallization. The nucleation rate, the

rate at which solid clusters of a size large enough to be
stable are formed, is not currently well understood. The-
ory typically predicts nucleation rates orders of magni-
tude smaller than experiment or simulations indicate (see
Vehkamäki 2006). For an OCP for example, the nucle-
ation rate at !1 = 300 from the theoretical model of
Ichimaru et al. (1983) is" 10!6 of its value from the sim-
ulation of Daligault (2006b). Cooper & Bildsten (2008)
recently derived a value within a factor of 10 of the sim-
ulations, but their formulation predicts the formation of
stable solid clusters even at !1 < 175 when the liquid
phase should be absolutely stable with respect to the
solid. Taking the Ichimaru et al. (1983) results, we find
that the amount of undercooling necessary for the nucle-
ation rate to become comparable to the accretion rate is
!1 # !m " 0.1!m, but given that the theory underpre-
dicts the simulation results, the amount of undercooling
required is probably much less than this. Additionally,
at the base of the ocean solid clusters do not need to
wait for nucleation sites to form but can crystallize on
the existing crust.
Once a cluster forms it increases in size at the crys-

tallization velocity which is of order vcrys " a"p (e.g.,
Kelton, Greer, & Thompson 1983), where a is the mean
ion spacing and "p is the ion plasma frequency given by

"p =
$
4#!(Yee/mp) = 1.4 % 1019!1/29 (Ye/0.43) rad/s.

In a multicomponent plasma crystal growth is slower,
since as a solid cluster grows chemical separation means
that the liquid surrounding the cluster is depleted more
and more of the particles necessary to form the solid.
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2005). We assume that to bind to a cluster, new ma-
terial must travel a distance l equal to the current size
of the cluster; in this case, the cluster growth time is
l2/D ! 10!4"!1

p (l/a)2(!/100)2.5. For a solid cluster of

Ns particles, (l/a)2 ! N2/3
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Therefore as soon as the mixture encounters the liq-
uidus line in the phase diagram, we expect solid parti-
cles to rapidly form and grow. Once formed, the solid
particles will quickly sediment out. We estimate the sed-
imentation velocity for solid clusters following Bildsten &
Hall (2001) and Brown et al. (2002). The sedimentation
velocity is given by the Einstein relation
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Note that the simple nature of our estimates means that
there are considerable uncertainties in the crystallization
and sedimentation velocities we find here. Despite this,
however, the timescale for a cluster to grow to a size
Ns,crit is so short that the conclusion that the solid par-
ticles rapidly fall out of the ocean seems inescapable.
Setting Ns,crit = 1 in Eq. (6) provides an estimate

of when relative separation of light and heavy elements
(without forming solid clusters) is expected to occur.
This gives ṁ = 300 g cm!2 s!1 ! 0.003ṁEdd, below the
accretion rates of persistent LMXBs or most transient
LMXBs in outburst. However, separation of light and
heavy elements is something that should be considered
during quiescent periods in transient accretors (Brown
et al. 2002) or at low accretion rates (Peng, Brown, &
Truran 2007).
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numerical integration of for an isothermalequation (11)
layer with the full electron capture rate and equa-(eq. [3])
tion of state. shows the critical lines in theFigure 4 m5 -T
plane for which 50% and 90% of the protons capture pre-
threshold. There is excellent agreement with the analytic
estimate.

3. ADIABATIC OSCILLATIONS IN THE OCEAN

Our present focus is on those g-modes that reside pre-
dominantly in the liquid ocean that lies beneath the H/He
burning layer. The oscillations are adiabatic there since the
local thermal time (hours to days) is much longer than the
g-mode period. We ⇠rst discuss the di†erent sources of
buoyancy in the ocean and then describe the adiabatic per-
turbation equations and our method for solving them.

3.1. Sources of Buoyancy
The g-mode frequencies are set by the local buoyancy

force, which results from the density contrast between a
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where is the adiabatic index and A is!1 4 (L ln p/L ln o)
sthe convective discriminant. For a mixture of electrons and
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where the subscript \ refers to the stellar model and
h \ p/og is the local pressure scale height. The ⇠rst term in

this equation is the thermal buoyancy and the remaining
terms are contributions from composition gradients. Figure

shows the di†erent contributions to N in isothermal5
models of the ocean. In the electron capture layer, the buoy-
ancy due to the gradient dominates the other contribu-k

etions ; elsewhere the thermal buoyancy is most important.
The buoyancy due to the gradient is of order the thermalk

ibuoyancy in the layer ; despite being small (the pressureskiis insensitive to the change in is typically large acrossk
i
), k

ithe layer, We use isothermal models here for*k
i
/k

i
B 6.

illustrative purposes. In reality, the ocean has a slight tem-
perature gradient (see which changes the thermal° 5.1),
buoyancy. However, the electron capture transition layer is
typically thin enough so that it can be described by a single
temperature.

We now make an analytic estimate of the thermal buoy-
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where is the heat capacity at constant volume. There arec
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where the ⇠rst (second) term is the contribution from the
ions (electrons). For this estimate, we ignore the electron

FIG. 5.ÈBrunt-Va7 isa7 la7 frequency for isothermal models accreting at
The solid line shows N, and the di†erent lines show individualm5 \ m5 Edd.

contributions. The thermal buoyancy (dotted lines) dominates above and
below the electron capture boundary, while the buoyancy due to the k

egradient (short-dashed lines) dominates in the boundary layer. The buoy-k
iancy (long-dashed lines) is about the same as the thermal buoyancy in the

layer. The dot-dashed lines show the analytic estimate of the thermal
buoyancy which performs best at low temperatures.(eq. [22]),
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2.3. Compositional buoyancy and convection

After the solid particles form and sediment out, the
fluid left behind is lighter than the fluid immediately
above it and so will have a tendency to buoyantly rise.
This is counteracted by the thermal profile, which is sta-
bly stratified in the absence of a composition gradient
such that a rising fluid element will be colder than its sur-
roundings and will tend to sink back down. A measure of
the buoyancy is the convective discriminant A, which is
related to the Brunt-Väisälä frequency N2 = !gA (Cox
1980). For a two-component mixture in the ocean, we
can write (Bildsten & Cumming 1998)

AHP =
!T

!!
("!"ad) +

!X

!!
"X ; (7)

here, X is the mass fraction of the lighter element (Fe
or O in the examples above), !X = " lnP/" lnX |T,!,
!! = " lnP/" ln #|X,T , !T = " lnP/" lnT |X,!, and
the temperature and composition gradients are " =
!HP (d lnT/dr) and "X = !HP (d lnX/dr). The adi-
abatic gradient is taken at constant entropy S and com-
position: "ad = !HP (d ln T/dr|S,X). Note that !X , !T ,
and !! are all positive quantities. If A < 0 or N2 > 0 the
ocean is stable to convection. For example, if the compo-
sition is uniform so that "X = 0, stability to convection
requires the familiar condition " < "ad. Only one term
describing the variation of the composition is needed in
Eq. (7) since we consider a two-component mixture. We
generalize to more than two species in the next section.
In steady state the composition profile is lighter with

increasing depth: "X > 0. Such a profile will not lead to
convection as long as the gradient is small enough that
the destabilizing e!ect of the composition profile is com-
pensated by the thermal buoyancy represented by the
first term in Eq. (7). The maximum stable composition
gradient is

"X,max =
!T

!X
("ad !") #

!T"ad

!X
, (8)

where we assume that the large thermal conductivity in
the ocean due to the degenerate electrons results in an
almost isothermal profile " $ "ad (see §4).
As accretion continues, light elements are continually

deposited at the base of the ocean and must be trans-
ported upwards by convection. We expect therefore that
the composition gradient will adjust to be close to but
slight greater than "X,max so as to result in the required
convective flux of composition FX = ṁ(X0 !Xb), where
X0 is the incoming composition and Xb is the composi-
tion at the base of the ocean (that results in freezing of
solid with mass fraction X0).
We can estimate "X !"X,max in steady state and the

corresponding convective velocity using mixing length
theory. The acceleration of a fluid element is gA, giv-
ing a convective velocity

v2conv % gl2m
!X"X ! !T"ad

HP!!
, (9)

where lm is the mixing length and we again assume
" = 0 for simplicity. After moving a distance lm, the
mass fraction di!ers from its surroundings by an amount
(lm/HP )X"X , implying that there is a flux of composi-

tion

FX % #vconv
lmX"X

HP
. (10)

Setting this equal to the steady state flux at the base of
the ocean FX = ṁ(X0!Xb) = #vaccr(X0!Xb) gives the
maximum convective velocity

vconv % vaccr

!

HP

lm

"

X0 !Xb

Xb"X,max

% vaccr

!

HP

lm

"!

X0 !Xb

Xb

"

"!1
ad

!X

!T
. (11)

In the deep ocean where pressure is dominated by de-
generate electrons, all factors on the right hand side of
Eq. (11) are of order unity except for !X # !!(1 !
YSe/Ye) % 0.1, where YSe = 34/79; and !T #
(T/Pe)("Pi/"T ) % 10kBT/[&Z'EF ] (e.g., Hansen &
Kawaler 1994), where Pe is the electron pressure, Pi
the ion pressure, and EF is the Fermi energy exclud-
ing rest mass. For an ocean temperature of 3 ( 108 K

and EF = 5.1#1/39 Y 1/3
e MeV (the electrons are relativis-

tic), !T % 0.001. Therefore, vconv is about two orders of
magnitude larger than the accretion velocity. Given that
chemical separation is being driven by accretion, it may
be surprising that vconv is much larger than vaccr. The
reason is that only a very shallow composition gradient
can be tolerated in the deep ocean where kBT $ EF ,
requiring vconv ) vaccr to transport the required flux of
composition.
Comparing Eqs. (9) and (11), we see that "X !

"X,max ! (vaccr/cs)2
#

!!!X(X0 !Xb)2/"2
ad!

2
TX

2
b )
$

$
1, where cs = (gHP )1/2 is the sound speed. In other
words the convective velocities needed to transport the
flux of light elements through the ocean are very sub-
sonic, implying the composition gradient is extremely
close to the marginally stable gradient "X # "X,max.
This is analogous to e"cient convective heat transport
for which " # "ad.
Another piece of physics that could potentially play a

role is di!usion. Inwards di!usion of composition will oc-
cur down the composition gradient "X , and in principle
if e"cient enough could mediate the need for convection.
The di!usive flux is much smaller than the convective
flux, however. To see this, we use Eq. (3) for a selenium
OCP:

D = 2( 10!6#!1
9

!

T8

3

"2.5

cm2/s . (12)

The di!usion time across a composition scale height
lX = HP /"X , where the pressure scale height HP =

1900#1/39 (Y e/0.43)4/3(g14/2.45)!1 cm is

tD =
l2X
D

= 5( 104"!2
X #1.39

!

T8

3

"!2.5

yrs. (13)

This is much longer than the accretion timescale given
by Eq. (2), or the convective turnover time given by

tconv = lm/vconv % 100 lm/vaccr , (14)

implying that microscopic di!usion does not play a signif-
icant role in transporting light elements across the ocean.
We also note that our conclusion that the ocean is con-

vectively unstable depends on the slope of the liquidus

Brunt-Vaisala frequency

Two-component mixture
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where we assume that the large thermal conductivity in
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As accretion continues, light elements are continually
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magnitude larger than the accretion velocity. Given that
chemical separation is being driven by accretion, it may
be surprising that vconv is much larger than vaccr. The
reason is that only a very shallow composition gradient
can be tolerated in the deep ocean where kBT $ EF ,
requiring vconv ) vaccr to transport the required flux of
composition.
Comparing Eqs. (9) and (11), we see that "X !

"X,max ! (vaccr/cs)2
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1, where cs = (gHP )1/2 is the sound speed. In other
words the convective velocities needed to transport the
flux of light elements through the ocean are very sub-
sonic, implying the composition gradient is extremely
close to the marginally stable gradient "X # "X,max.
This is analogous to e"cient convective heat transport
for which " # "ad.
Another piece of physics that could potentially play a

role is di!usion. Inwards di!usion of composition will oc-
cur down the composition gradient "X , and in principle
if e"cient enough could mediate the need for convection.
The di!usive flux is much smaller than the convective
flux, however. To see this, we use Eq. (3) for a selenium
OCP:
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The di!usion time across a composition scale height
lX = HP /"X , where the pressure scale height HP =
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This is much longer than the accretion timescale given
by Eq. (2), or the convective turnover time given by

tconv = lm/vconv % 100 lm/vaccr , (14)

implying that microscopic di!usion does not play a signif-
icant role in transporting light elements across the ocean.
We also note that our conclusion that the ocean is con-

vectively unstable depends on the slope of the liquidus
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2.3. Compositional buoyancy and convection

After the solid particles form and sediment out, the
fluid left behind is lighter than the fluid immediately
above it and so will have a tendency to buoyantly rise.
This is counteracted by the thermal profile, which is sta-
bly stratified in the absence of a composition gradient
such that a rising fluid element will be colder than its sur-
roundings and will tend to sink back down. A measure of
the buoyancy is the convective discriminant A, which is
related to the Brunt-Väisälä frequency N2 = !gA (Cox
1980). For a two-component mixture in the ocean, we
can write (Bildsten & Cumming 1998)

AHP =
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"X ; (7)

here, X is the mass fraction of the lighter element (Fe
or O in the examples above), !X = " lnP/" lnX |T,!,
!! = " lnP/" ln #|X,T , !T = " lnP/" lnT |X,!, and
the temperature and composition gradients are " =
!HP (d lnT/dr) and "X = !HP (d lnX/dr). The adi-
abatic gradient is taken at constant entropy S and com-
position: "ad = !HP (d ln T/dr|S,X). Note that !X , !T ,
and !! are all positive quantities. If A < 0 or N2 > 0 the
ocean is stable to convection. For example, if the compo-
sition is uniform so that "X = 0, stability to convection
requires the familiar condition " < "ad. Only one term
describing the variation of the composition is needed in
Eq. (7) since we consider a two-component mixture. We
generalize to more than two species in the next section.
In steady state the composition profile is lighter with

increasing depth: "X > 0. Such a profile will not lead to
convection as long as the gradient is small enough that
the destabilizing e!ect of the composition profile is com-
pensated by the thermal buoyancy represented by the
first term in Eq. (7). The maximum stable composition
gradient is
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where we assume that the large thermal conductivity in
the ocean due to the degenerate electrons results in an
almost isothermal profile " $ "ad (see §4).
As accretion continues, light elements are continually

deposited at the base of the ocean and must be trans-
ported upwards by convection. We expect therefore that
the composition gradient will adjust to be close to but
slight greater than "X,max so as to result in the required
convective flux of composition FX = ṁ(X0 !Xb), where
X0 is the incoming composition and Xb is the composi-
tion at the base of the ocean (that results in freezing of
solid with mass fraction X0).
We can estimate "X !"X,max in steady state and the

corresponding convective velocity using mixing length
theory. The acceleration of a fluid element is gA, giv-
ing a convective velocity
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where lm is the mixing length and we again assume
" = 0 for simplicity. After moving a distance lm, the
mass fraction di!ers from its surroundings by an amount
(lm/HP )X"X , implying that there is a flux of composi-
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flux of light elements through the ocean are very sub-
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This is analogous to e"cient convective heat transport
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Another piece of physics that could potentially play a
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flux of light elements through the ocean are very sub-
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implying that microscopic di!usion does not play a signif-
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We also note that our conclusion that the ocean is con-
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Only a small super-adiabaticity is needed =>
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Fig. 2.— (Color online) The composition profile in the convection
zone of a T = 3! 108 K ocean composed of 56Fe, 79Se (solid line)
and 16O, 79Se (dashed line). The hydrogen/helium burning layer
is neglected.

To obtain a solution, the location and composition of
the base of the ocean are specified, and then Eq. (20) is
integrated outward for each Xi. The top of the convec-
tion zone is located at the point where the composition
matches the incoming composition, Xi = Xi,0. In Fig. 2
we present our results for the 56Fe-79Se and 16O-79Se sys-
tems described in §2. The ocean temperature is taken to
be T = 3 ! 108 K. To calculate the various "’s and
!’s, we assume that the electron pressure is given by the
fitting formula of Paczyński (1983), and following Paper
I we include Coulomb corrections for the ions using the
free energy from DeWitt & Slattery (2003). Note that
the equations used in this section to calculate the compo-
sition profile are all independent of "; only the convective
velocity depends on this value. Therefore, the potentially
large error introduced by our choice of " does not a!ect
our results.
The solutions show the expected behavior, that at large

depths where kBT # EF , the composition gradient is
very shallow, but as the integration continues further
upwards, the gradient steepens as EF drops. In each
case, the ocean is substantially enriched in light elements
throughout most of its mass. Figure 3 compares the con-
vective velocity with the accretion velocity for these two
cases, assuming " = 1 and ṁ4 = 3 (i.e., an accretion rate
of 0.3ṁEdd). Towards the top of the ocean, where the
composition gradient becomes significant (EF becomes
comparable to kBT ), the convective velocity drops to-
wards the accretion velocity.

3.2. Including nuclear burning of light elements

Figure 2 shows that in the oxygen-selenium two-species
model at T = 3!108 K, the convection zone extends into
the hydrogen/helium burning layer (# $ 105–107 g/cm3).
This e!ect becomes more pronounced at lower tempera-
tures, as might be expected when ṁ < 0.3ṁEdd: empir-
ically the density at the top of the convection zone goes
as T 2.3 for typical ocean temperatures, in both the O-
Se and the Fe-Se models. Therefore, an accurate model
of the entire convection zone must include the e!ects
of nuclear reactions. As a first approximation, we use
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Fig. 3.— (Color online) The accretion velocity for ṁ = 3 !

104 g cm!2 s!1, and the convective velocity within the convection
zone of a T = 3! 108 K ocean composed of 56Fe, 79Se (solid line)
and 16O, 79Se (dashed line).

the following simplified model for the burning layer: At
# = 104 g/cm3 the neutron star is composed only of hy-
drogen and helium, with XH = 0.7 and XHe = 0.3. The
relative abundance of hydrogen and helium is maintained
as these elements undergo nuclear reactions and convec-
tive mixing, such that XH/XHe = 0.7/0.3 is a constant
throughout the ocean. This mixture burns at the triple-
alpha rate (Hansen & Kawaler 1994)
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where X1 is the mass fraction of the H/He composite
with XH = 0.7X1 and XHe = 0.3X1. Each gram of the
mixture burns to Xburn

i grams of each chemical species
i > 1 (so that

#n
i=2 X

burn
i = 1).

We use this model for the burning layer to calculate
the steady state in the ocean for the case where nuclear
reactions are important in the convection zone. The con-
tinuity equation for each species becomes
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for i = 1 and
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(26)
for i = 2, 3, . . . , n. In steady state we have
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and
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=
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Above the convection zone (where vconv = 0) we use

vaccr
dX1

d lnP
= &X1R3!HP (29)
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To obtain a solution, the location and composition of
the base of the ocean are specified, and then Eq. (20) is
integrated outward for each Xi. The top of the convec-
tion zone is located at the point where the composition
matches the incoming composition, Xi = Xi,0. In Fig. 2
we present our results for the 56Fe-79Se and 16O-79Se sys-
tems described in §2. The ocean temperature is taken to
be T = 3 ! 108 K. To calculate the various "’s and
!’s, we assume that the electron pressure is given by the
fitting formula of Paczyński (1983), and following Paper
I we include Coulomb corrections for the ions using the
free energy from DeWitt & Slattery (2003). Note that
the equations used in this section to calculate the compo-
sition profile are all independent of "; only the convective
velocity depends on this value. Therefore, the potentially
large error introduced by our choice of " does not a!ect
our results.
The solutions show the expected behavior, that at large

depths where kBT # EF , the composition gradient is
very shallow, but as the integration continues further
upwards, the gradient steepens as EF drops. In each
case, the ocean is substantially enriched in light elements
throughout most of its mass. Figure 3 compares the con-
vective velocity with the accretion velocity for these two
cases, assuming " = 1 and ṁ4 = 3 (i.e., an accretion rate
of 0.3ṁEdd). Towards the top of the ocean, where the
composition gradient becomes significant (EF becomes
comparable to kBT ), the convective velocity drops to-
wards the accretion velocity.
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the hydrogen/helium burning layer (# $ 105–107 g/cm3).
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104 g cm!2 s!1, and the convective velocity within the convection
zone of a T = 3! 108 K ocean composed of 56Fe, 79Se (solid line)
and 16O, 79Se (dashed line).
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# = 104 g/cm3 the neutron star is composed only of hy-
drogen and helium, with XH = 0.7 and XHe = 0.3. The
relative abundance of hydrogen and helium is maintained
as these elements undergo nuclear reactions and convec-
tive mixing, such that XH/XHe = 0.7/0.3 is a constant
throughout the ocean. This mixture burns at the triple-
alpha rate (Hansen & Kawaler 1994)
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The final ocean composition is insensitive to the incoming 
composition:   O/Fe/Se example
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FIG. 1: Number fraction of oxygen (left panel) and iron (right panel) at the base of the ocean as a function

of xO at the top of the ocean, when xFe at the top of the ocean is 0.4, 0.43, 0.5. The direction the liquid

composition evolves is such that the initial composition always lies between the current liquid and solid

compositions.
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to solve for X1 as a function of P , and then

vaccr
dXi

d lnP
= Xburn

i X1R3!HP (30)

or
Xi = (1!X1)X

burn
i (31)

to find the Xi, i > 1 values. These equations are solved
inward from ! = 104 g/cm3, where we set X1 = 1 and
Xi = 0 for i > 1. Within the convection zone we use
the following method to find the Xi’s: We first spec-
ify the location of the top of the convection zone, P0.
The Xi,0 values used in the equations below are then
found by solving Eqs. (29) and (31) down to this point.
The value of P0 is not known a priori, so the Xi’s are
found for a given P0 and then the value is varied until
the composition changes smoothly across the convection
zone boundary. We define a new variable, W , such that

dW

dr
=

X1R3!

vaccr
(32)

and W = 0 at the top of the convection zone (when Xi =
Xi,0). Then the equation for the convective velocity is
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"
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The n coupled di!erential equations to solve are

dX1

d lnP
=

vaccr
vconv

2

#
(X1 !X1,0 !W ) ; (35)

dXi

d lnP
=

vaccr
vconv

2

#
(Xi !Xi,0 !WXburn

i ) , (36)

for i = 2, 3, . . . , n ! 1; and Eq. (32). We solve these
equations through iteration, first guessing the Xi values
at every point in the convection zone, then using these
values to find W , and so on, until convergence is reached.
In Fig. 4 we present our results for the 56Fe-79Se

and 16O-79Se systems discussed in §2; again we choose
ṁ4 = 3, # = 1, and an ocean temperature T = 3#108 K.
For comparison we also present the XFe, XO, and XSe
profiles when the hydrogen/helium burning layer is ne-
glected (§3.1). These profiles are nearly the same as
the profiles when the burning layer is included, except
at the top of the convection zone where the latter pro-
files are very steep. The change in the slope of the pro-
files from §3.1 to §3.2 can be understood from Eq. (22):
This equation states that within the convection zone
&n!1

i=1 "Xi
"Xi

follow the adiabatic gradient, but places
no such restriction on the individual X profiles. There-
fore, at the top of the convection zone, the Fe, O, and Se
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Fig. 4.— (Color online) The composition profile within and di-
rectly above the convection zone of a T = 3!108 K ocean composed
of 56Fe, 79Se (top panel) and 16O, 79Se (bottom panel). A layer
of hydrogen and helium is placed on top of the ocean and nuclear
reactions are crudely modeled. For comparison the XFe, XO, and
XSe profiles when the burning layer is neglected (Fig. 2), and the
XH + XHe profiles when convection is turned o! [Eqs. (29) and
(31)] are also plotted, as thin lines with the same patterns as the
profiles from the full calculation. The convection zone begins at
the point where the two XH +XHe curves diverge, at a density of
7.2! 106 g/cm3 for the F-Se system and 2.6 ! 106 g/cm3 for the
O-Se system.

composition profiles rise sharply with increasing density
because of the correspondingly large drop in the H-He
profile. The burning layer acts as a barrier to convec-
tion, such that the convection zone ends abruptly at the
base of this layer.
Finally, in Fig. 4 we present XH + XHe profiles when

convection is ignored [such that Eqs. (29) and (31) ap-
ply across the entire ocean]. The shape of these pro-
files results from the balance between accretion driv-
ing the H-He mixture deeper and nuclear reactions con-
verting H-He into heavier elements as it travels inward;
the profiles can be estimated using Eqs. (2) and (24):
1!taccrR3! $ X1 % X1 & !5/3 forX1 ! 0.1. In addition
to the sharp drop at the top of the convection zone, the
profiles when convection is included di!er in that they fall
more slowly with increasing density, due to their larger
inward velocity; since vconv & !!2/3 in the deep ocean,
X1 & !3/2 for X1 ! 10!3. The XH +XHe profiles there-
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to solve for X1 as a function of P , and then

vaccr
dXi

d lnP
= Xburn

i X1R3!HP (30)

or
Xi = (1!X1)X

burn
i (31)

to find the Xi, i > 1 values. These equations are solved
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The value of P0 is not known a priori, so the Xi’s are
found for a given P0 and then the value is varied until
the composition changes smoothly across the convection
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for i = 2, 3, . . . , n ! 1; and Eq. (32). We solve these
equations through iteration, first guessing the Xi values
at every point in the convection zone, then using these
values to find W , and so on, until convergence is reached.
In Fig. 4 we present our results for the 56Fe-79Se

and 16O-79Se systems discussed in §2; again we choose
ṁ4 = 3, # = 1, and an ocean temperature T = 3#108 K.
For comparison we also present the XFe, XO, and XSe
profiles when the hydrogen/helium burning layer is ne-
glected (§3.1). These profiles are nearly the same as
the profiles when the burning layer is included, except
at the top of the convection zone where the latter pro-
files are very steep. The change in the slope of the pro-
files from §3.1 to §3.2 can be understood from Eq. (22):
This equation states that within the convection zone
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follow the adiabatic gradient, but places
no such restriction on the individual X profiles. There-
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Fig. 4.— (Color online) The composition profile within and di-
rectly above the convection zone of a T = 3!108 K ocean composed
of 56Fe, 79Se (top panel) and 16O, 79Se (bottom panel). A layer
of hydrogen and helium is placed on top of the ocean and nuclear
reactions are crudely modeled. For comparison the XFe, XO, and
XSe profiles when the burning layer is neglected (Fig. 2), and the
XH + XHe profiles when convection is turned o! [Eqs. (29) and
(31)] are also plotted, as thin lines with the same patterns as the
profiles from the full calculation. The convection zone begins at
the point where the two XH +XHe curves diverge, at a density of
7.2! 106 g/cm3 for the F-Se system and 2.6 ! 106 g/cm3 for the
O-Se system.

composition profiles rise sharply with increasing density
because of the correspondingly large drop in the H-He
profile. The burning layer acts as a barrier to convec-
tion, such that the convection zone ends abruptly at the
base of this layer.
Finally, in Fig. 4 we present XH + XHe profiles when

convection is ignored [such that Eqs. (29) and (31) ap-
ply across the entire ocean]. The shape of these pro-
files results from the balance between accretion driv-
ing the H-He mixture deeper and nuclear reactions con-
verting H-He into heavier elements as it travels inward;
the profiles can be estimated using Eqs. (2) and (24):
1!taccrR3! $ X1 % X1 & !5/3 forX1 ! 0.1. In addition
to the sharp drop at the top of the convection zone, the
profiles when convection is included di!er in that they fall
more slowly with increasing density, due to their larger
inward velocity; since vconv & !!2/3 in the deep ocean,
X1 & !3/2 for X1 ! 10!3. The XH +XHe profiles there-
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Fig. 2.— (Color online) The composition profile in the convection
zone of a T = 3! 108 K ocean composed of 56Fe, 79Se (solid line)
and 16O, 79Se (dashed line). The hydrogen/helium burning layer
is neglected.

To obtain a solution, the location and composition of
the base of the ocean are specified, and then Eq. (20) is
integrated outward for each Xi. The top of the convec-
tion zone is located at the point where the composition
matches the incoming composition, Xi = Xi,0. In Fig. 2
we present our results for the 56Fe-79Se and 16O-79Se sys-
tems described in §2. The ocean temperature is taken to
be T = 3 ! 108 K. To calculate the various "’s and
!’s, we assume that the electron pressure is given by the
fitting formula of Paczyński (1983), and following Paper
I we include Coulomb corrections for the ions using the
free energy from DeWitt & Slattery (2003). Note that
the equations used in this section to calculate the compo-
sition profile are all independent of "; only the convective
velocity depends on this value. Therefore, the potentially
large error introduced by our choice of " does not a!ect
our results.
The solutions show the expected behavior, that at large

depths where kBT # EF , the composition gradient is
very shallow, but as the integration continues further
upwards, the gradient steepens as EF drops. In each
case, the ocean is substantially enriched in light elements
throughout most of its mass. Figure 3 compares the con-
vective velocity with the accretion velocity for these two
cases, assuming " = 1 and ṁ4 = 3 (i.e., an accretion rate
of 0.3ṁEdd). Towards the top of the ocean, where the
composition gradient becomes significant (EF becomes
comparable to kBT ), the convective velocity drops to-
wards the accretion velocity.

3.2. Including nuclear burning of light elements

Figure 2 shows that in the oxygen-selenium two-species
model at T = 3!108 K, the convection zone extends into
the hydrogen/helium burning layer (# $ 105–107 g/cm3).
This e!ect becomes more pronounced at lower tempera-
tures, as might be expected when ṁ < 0.3ṁEdd: empir-
ically the density at the top of the convection zone goes
as T 2.3 for typical ocean temperatures, in both the O-
Se and the Fe-Se models. Therefore, an accurate model
of the entire convection zone must include the e!ects
of nuclear reactions. As a first approximation, we use
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Fig. 3.— (Color online) The accretion velocity for ṁ = 3 !

104 g cm!2 s!1, and the convective velocity within the convection
zone of a T = 3! 108 K ocean composed of 56Fe, 79Se (solid line)
and 16O, 79Se (dashed line).

the following simplified model for the burning layer: At
# = 104 g/cm3 the neutron star is composed only of hy-
drogen and helium, with XH = 0.7 and XHe = 0.3. The
relative abundance of hydrogen and helium is maintained
as these elements undergo nuclear reactions and convec-
tive mixing, such that XH/XHe = 0.7/0.3 is a constant
throughout the ocean. This mixture burns at the triple-
alpha rate (Hansen & Kawaler 1994)

R3! % 10!6

!

#

g/cm3

"2

(0.3X1)
2 e

!44/T8

T 3
8

s!1 , (24)

where X1 is the mass fraction of the H/He composite
with XH = 0.7X1 and XHe = 0.3X1. Each gram of the
mixture burns to Xburn

i grams of each chemical species
i > 1 (so that

#n
i=2 X

burn
i = 1).

We use this model for the burning layer to calculate
the steady state in the ocean for the case where nuclear
reactions are important in the convection zone. The con-
tinuity equation for each species becomes

dX1

dt
+vaccr ·"X1 = &

1

#
" · (#vconvDX1)&X1R3! (25)

for i = 1 and

dXi

dt
+ vaccr ·"Xi = &

1

#
" · (#vconvDXi) +Xburn

i X1R3!

(26)
for i = 2, 3, . . . , n. In steady state we have

vaccr
dX1

dr
=

"

2#

d

dr
(#vconvX1"X1

) +X1R3! (27)

and

vaccr
dXi

dr
=

"

2#

d

dr
(#vconvXi"Xi

)&Xburn
i X1R3! . (28)

Above the convection zone (where vconv = 0) we use

vaccr
dX1

d lnP
= &X1R3!HP (29)

Including burning of H/He to heavy elements



Effect on the thermal profile

This convection transports heat inwards
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fore cross at some depth in the ocean; i.e., convection
causes some hydrogen-helium to mix into deeper layers.
While this mixing will change the amount of burning
at each depth in the convection zone, we do not expect
the thermal profile in this region to change, because the
amount of helium in the convection region is very small
(less than 10% by mass of the total helium in the star,
and less than 1% of the total mass at any depth in the
convection zone; see Fig. 4).

4. EFFECT OF MIXING ON THE THERMAL
PROFILE

So far we have taken the ocean to be isothermal, which
is a good first approximation for the bulk of the ocean
where thermal conductivity e!ciently transports heat
(Bildsten & Cutler 1995). In this section, we discuss
the e"ect of convective mixing on the thermal profile
and evaluate the heating associated with the transport
of light elements upwards through the ocean and the
steady-state thermal profile.
When mixing is unimportant, the main contribution to

the heat flux in the ocean comes from energy released by
nuclear reactions in the crust. These reactions release an
energy of ! 1.7 MeV per nucleon (e.g., Haensel & Zdunik
2008), of which Qb " 0.1–1 MeV per nucleon flows out-
ward through the ocean, depending on the accretion rate
(Brown 2000). This component of the heat flux can be
written as

Fcrust = Qb
ṁ

mp
. (37)

The temperature gradient required to carry the heat flux
is given by

# =
FHP

KT
, (38)

where

K =
4ac

3!"rad
+Kcd (39)

is the total thermal conductivity including both radia-
tion and conduction contributions, a is the radiation con-
stant, c is the speed of light, "rad is the radiative opacity
(e.g., Schatz et al. 1999), Kcd = nek2BT/(m!#c) is the
thermal conductivity, m! = me + EF /c2 is the e"ective
mass of the electrons, and #c is the collision frequency.
In the ocean, the relevant collision frequency is that be-
tween electrons and ions: #c = 4e4m!#/(3$!3)$Z2%/$Z%,
where # is the Coulomb logarithm (Yakovlev & Urpin
1980; Schatz et al. 1999). For densities ! ! 107 g/cm3

the electrons are degenerate and relativistic, and the con-
tribution of radiation to K is negligible; in this case we
find

# & 0.03 ṁ4

!

Qb

0.1 MeV

"!

T8

3

"!2

'
!

$Z2%/$Z%
30

"

# g14
2.45

$!1
, (40)

where in the above we have set # = 1. We see therefore
that over most of the ocean a shallow temperature gradi-
ent is su!cient to conduct the heat flux from the crust,
and in particular # ( #ad " 0.35 as we assumed in §3.
Note that this is not true for ! " 107 g/cm3, where the

electrons are nonrelativistic. In that regime HP /Kcd )
!!1/3, such that at low densities FHP /(KcdT ) > #ad.
The radiation contribution to the total K becomes im-
portant at these densities, partially o"setting the e"ect of
a low Kcd. Nevertheless, under certain conditions (e.g.,
ṁ * ṁEdd and T < 109 K) # > #ad at the top of
the ocean. It is unclear what happens in that case; a
complete understanding may require a time-dependent
calculation (see §5).
Thermal conduction also readily conducts the latent

heat away from the ocean floor. We can estimate the
latent heat release using the equations from Paper I for
the free energies of the liquid and solid states [e.g., equa-
tions (23) and (24) of that paper]; the latent heat released
on freezing is of order kBT/$A% ! 0.1 T8[60/$A%] keV
per nucleon. Much smaller than Qb, the latent heat is re-
moved with only a small temperature gradient. This con-
trasts with, e.g., freezing of solid material in the Earth’s
core, in which the temperature gradient required to con-
duct the latent heat away is # > #ad, so that the latent
heat release drives thermal convection (Stevenson 1981).
When chemical separation drives convection in the

ocean, we must also consider the convective heat flux
in addition to the conductive heat flux. In mixing length
theory the heat flux is

Fconv =
%

2
!vconvcPT (#+#ad) , (41)

where cP is the heat capacity. Using Eq. (23) for the
convective velocity together with the fact that !vaccr =
ṁ, we find

Fconv = +Fconvr̂ (42)

with

Fconv =
cPTṁ

&T

n!1
%

i=1

&Xi

Xi +Xi,0

Xi
. (43)

Here r̂ is the radial unit vector. Note that Fconv > 0
so that the convection transports heat inwards. This is
because, unlike thermally-driven convection, # < #ad so
that a fluid element displaced adiabatically outwards is
cooler than its surroundings at its new location.
We show the convective flux as Fconvmp/ṁ with ṁ =

3 ' 104 g cm!2 s!1 in Fig. 5. In the ocean, the heat
capacity is set by the ions; using the internal energy ex-
pansion from DeWitt & Slattery (2003) we find cP " (1–
4)kB/[$A%mp] giving cPT/mp " (0.1–0.6)T8[60/$A%] keV
per nucleon, where the range of values is across the
depth of the ocean. Although cPT/mp is much smaller
than Qb, the convective flux has an additional factor of
&X/&T ) EF /(kBT ). This gives an extra factor of 10–
100, so that the final convective flux is" 10!2–10!1 MeV
per nucleon, which can be comparable to Qb. For the O-
Se ocean in Fig. 5, the convective flux is ! 0.2 MeV per
nucleon at the base of the convection zone. For Fe-Se, the
smaller contrast between the heavy and light elements
gives a much smaller flux. For two species, the compo-
sition flux is FX = ṁ(X + X0), so that we can write
Fconv = FXcPT&X/(X&T ) = FXcP (' lnT/' lnX |P,").
The convective heat flux corresponds to the rate of
change of internal energy given the flux of composition
at each depth [compare equation (2) of Montgomery et
al. 1999].
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Fig. 5.— (Color online) The convective flux for a ṁ = 3 !

104 g cm!2 s!1, T = 3 ! 108 K ocean composed of 56Fe, 79Se
(solid line) and 16O, 79Se (dashed line).

Figure 5 shows that the inwards convective flux in-
creases with depth in the ocean dFconv/dy > 0. This
implies that there is a local cooling at each depth in the
ocean, and so while it is a good approximation to assume
the ocean is isothermal when calculating the convective
velocity and composition profile of the mixed zone, in
fact the isothermal models we presented in §3 are not in
a thermal steady-state. To see what the thermal steady-
state must look like, we write down the entropy equation

T
Ds

Dt
=

dF

dy
+ ! , (44)

where s is the specific entropy, ! is the sum of all sources
and sinks of heat (latent heat release, nuclear reactions,
neutrino cooling, etc.), and D/Dt = d/dt + ṁd/dy is
the total derivative for a fluid element. The heat flux F
is the sum of convective and conductive heat fluxes. In
steady state (ds/dt = 0) the left hand side of Eq. (44) is
given by (e.g., Brown & Bildsten 1998)

T
Ds

Dt
=

cPTṁ

y

!

!"!ad +
1

"T

n!1
"

i=1

"Xi
!Xi

#

, (45)

much smaller than the dF/dy terms on the right hand
side since in the convective region

$n!1
i=1 "Xi

!Xi
#

"T (!ad"!) [Eq. (22)] (the convection zone is very close
to adiabatic). Neglecting any contributions to ! in the
ocean, e.g. nuclear reactions or the small latent heat
release at the boundary, we must have dF/dy = 0 in
steady state, or an outwards conductive flux Fcond =
Fcrust + Fconv. The picture we arrive at is that start-
ing with an isothermal ocean, the inwards convection of
heat steepens the temperature gradient until the out-
wards conductive flux balances the convective flux.
We see therefore that the e!ect of the mixing is to add

a contribution to the conductive flux in the deep ocean
of as much as 0.2 MeV per nucleon for an O-Se mixture.
At high accretion rates ṁ ! 0.1 ṁEdd, this is comparable
to or larger than the flux from the crust Qb $ 0.1 MeV
per nucleon (Brown 2000; at lower accretion rates ṁ $
0.01 ṁEdd, a larger fraction of the heat released in the
crust flows outwards, and Qb $ 1 MeV). We show in
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Fig. 6.— (Color online) The thermal profile for a ṁ = 3 !

104 g cm!2 s!1 ocean composed of 16O, 79Se and with T =
2! 108 K at ! = 8! 105 g/cm3, both when the convective flux is
included in the total heat flux F (solid line), and when it is ignored
(i.e., the total heat flux is due only to the outward flux from the
crust; dashed line).

Fig. 6 the thermal profile with and without the convective
heating included, for an O-Se mixture with ṁ4 = 3 and
T = 2% 108 K at # = 8% 105 g/cm3.

5. DISCUSSION

We have explored the consequences of chemical sepa-
ration in the ocean of accreting neutron stars. Given the
rapid timescales for nucleation, growth, and sedimenta-
tion of solid particles, fluid elements that are lighter than
their surrounding are continually being released at the
base of the neutron star ocean. Using a mixing length
model for convection, we modeled the resulting mix-
ing zone. The conclusions are that the entire ocean is
mixed, with a composition gradient !X # "T!ad/"X $
100kBT/[&Z'EF ] that is very shallow in the bulk of the
ocean where the electrons are relativistically degenerate
(EF ( kBT ). The composition profile is therefore rather
uniform and enhanced in light elements compared to the
composition produced by nuclear burning of the accreted
light elements at the top of the ocean. For example, for
the largest charge ratio we considered, a mixture of O
and Se, only 2% oxygen by mass was added to the ocean
by nuclear burning, but the ocean itself is enriched in
steady state to almost 40% by mass of oxygen (Fig. 2),
set by the phase diagram for the O-Se mixture.
Accompanying the outwards transport of light ele-

ments is an inwards transport of heat. In §4, we argued
that the ocean will evolve to a steady-state in which the
convective heat flux is balanced by an outwards conduc-
tive flux. The e!ect of chemical separation is therefore to
add a contribution to the outwards conductive heat flux
in the ocean, steepening the temperature gradient. For
the O-Se case, we find a heat flux of 0.2 MeV per nucleon
at the base of the ocean, comparable to the flux expected
from the crust. The heating is smaller for an Fe-Se ocean,
which has a smaller contrast in composition between the
two species. However, only a small amount of oxygen in
the material entering the ocean is required to generate
significant heating. In the O-Se case we considered, only
2% of the incoming mass is oxygen, compared to 40%

In steady state compensated by outwards heat flux 
carried by thermal conduction => acts to increase 
the ocean temperature
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Fig. 5.— (Color online) The convective flux for a ṁ = 3 !

104 g cm!2 s!1, T = 3 ! 108 K ocean composed of 56Fe, 79Se
(solid line) and 16O, 79Se (dashed line).

Figure 5 shows that the inwards convective flux in-
creases with depth in the ocean dFconv/dy > 0. This
implies that there is a local cooling at each depth in the
ocean, and so while it is a good approximation to assume
the ocean is isothermal when calculating the convective
velocity and composition profile of the mixed zone, in
fact the isothermal models we presented in §3 are not in
a thermal steady-state. To see what the thermal steady-
state must look like, we write down the entropy equation

T
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Dt
=

dF

dy
+ ! , (44)

where s is the specific entropy, ! is the sum of all sources
and sinks of heat (latent heat release, nuclear reactions,
neutrino cooling, etc.), and D/Dt = d/dt + ṁd/dy is
the total derivative for a fluid element. The heat flux F
is the sum of convective and conductive heat fluxes. In
steady state (ds/dt = 0) the left hand side of Eq. (44) is
given by (e.g., Brown & Bildsten 1998)
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much smaller than the dF/dy terms on the right hand
side since in the convective region

$n!1
i=1 "Xi

!Xi
#

"T (!ad"!) [Eq. (22)] (the convection zone is very close
to adiabatic). Neglecting any contributions to ! in the
ocean, e.g. nuclear reactions or the small latent heat
release at the boundary, we must have dF/dy = 0 in
steady state, or an outwards conductive flux Fcond =
Fcrust + Fconv. The picture we arrive at is that start-
ing with an isothermal ocean, the inwards convection of
heat steepens the temperature gradient until the out-
wards conductive flux balances the convective flux.
We see therefore that the e!ect of the mixing is to add

a contribution to the conductive flux in the deep ocean
of as much as 0.2 MeV per nucleon for an O-Se mixture.
At high accretion rates ṁ ! 0.1 ṁEdd, this is comparable
to or larger than the flux from the crust Qb $ 0.1 MeV
per nucleon (Brown 2000; at lower accretion rates ṁ $
0.01 ṁEdd, a larger fraction of the heat released in the
crust flows outwards, and Qb $ 1 MeV). We show in
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Fig. 6.— (Color online) The thermal profile for a ṁ = 3 !

104 g cm!2 s!1 ocean composed of 16O, 79Se and with T =
2! 108 K at ! = 8! 105 g/cm3, both when the convective flux is
included in the total heat flux F (solid line), and when it is ignored
(i.e., the total heat flux is due only to the outward flux from the
crust; dashed line).

Fig. 6 the thermal profile with and without the convective
heating included, for an O-Se mixture with ṁ4 = 3 and
T = 2% 108 K at # = 8% 105 g/cm3.

5. DISCUSSION

We have explored the consequences of chemical sepa-
ration in the ocean of accreting neutron stars. Given the
rapid timescales for nucleation, growth, and sedimenta-
tion of solid particles, fluid elements that are lighter than
their surrounding are continually being released at the
base of the neutron star ocean. Using a mixing length
model for convection, we modeled the resulting mix-
ing zone. The conclusions are that the entire ocean is
mixed, with a composition gradient !X # "T!ad/"X $
100kBT/[&Z'EF ] that is very shallow in the bulk of the
ocean where the electrons are relativistically degenerate
(EF ( kBT ). The composition profile is therefore rather
uniform and enhanced in light elements compared to the
composition produced by nuclear burning of the accreted
light elements at the top of the ocean. For example, for
the largest charge ratio we considered, a mixture of O
and Se, only 2% oxygen by mass was added to the ocean
by nuclear burning, but the ocean itself is enriched in
steady state to almost 40% by mass of oxygen (Fig. 2),
set by the phase diagram for the O-Se mixture.
Accompanying the outwards transport of light ele-

ments is an inwards transport of heat. In §4, we argued
that the ocean will evolve to a steady-state in which the
convective heat flux is balanced by an outwards conduc-
tive flux. The e!ect of chemical separation is therefore to
add a contribution to the outwards conductive heat flux
in the ocean, steepening the temperature gradient. For
the O-Se case, we find a heat flux of 0.2 MeV per nucleon
at the base of the ocean, comparable to the flux expected
from the crust. The heating is smaller for an Fe-Se ocean,
which has a smaller contrast in composition between the
two species. However, only a small amount of oxygen in
the material entering the ocean is required to generate
significant heating. In the O-Se case we considered, only
2% of the incoming mass is oxygen, compared to 40%



Convection in Earth’s core

Chemical separation at the boundary between the Earth’s inner and outer 
core drives convection

Interesting differences:
  to carry away the latent heat requires                     thermal convection

  a convective outer core is possible since   

(for a while the opposite was thought to be true, “core paradox” Higgins & 
Kennedy 1971)
neutron star case has                    so the ocean could never be 
(completely) thermally convective 

r > rad

rad < rL

rad > rL

e.g. Stevenson 1981,2003



Doubly-diffusive instabilities: fingering convection
If doubly-diffusive salt finger instability was efficient enough the flux of 
composition could be transported without the ocean becoming fully-
convective.

Recent simulations have determined the compositional flux using 
parameters appropriate for astrophysical environments. 
Maximum diffusivity Traxler et al. (2011) Garaud (2011)D ⇡ 101

p
⇥�µ

Pr =
⌫

T
⇠ 10�3 � 10�1 ⌧ =

µ

T
⇠ 10�9

steady-state flux

maximum flux from fingering

(interestingly fingering does not transport significant heat flux)



Conclusions

• Chemical separation at the base of the ocean leads to 
continual mixing    Compositionally-driven convection

• The convection leads to an enrichment in light elements, and 
an almost uniform composition over the bulk of the ocean. 
This final ocean composition is set by the phase diagram.

• The convection transports heat inwards => heating of the 
ocean as the temperature gradient steepens to balance the 
inwards flux with an outwards conductive flux.  When light 
elements are present Z~8 this can be ~0.1-0.2 MeV/nucleon



Open issues

• Need to survey the possible enrichment as a function of 
Z1/Z2 for two species, and explore N>2 mixtures

•At high accretion rates, the convective heat flux can only 
be balanced if                   => steady state not possible.   
What happens??  What is the time dependent evolution?

•The mixing velocity is extremely slow ~100 x accretion 
velocity  =>   need to worry about other physics,  
especially B fields,  rotation

• After an accretion outburst, the  neutron star cools and 
the ocean freezes - is there a signature in the lightcurve?

r > rad


