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integration. These functions were then “spliced” onto a
larger, unrelaxed model, at a radius where the effects of
mass segregation were essentially zero. This larger model
had a mass of 200 M•, or roughly 1/5 the mass of an entire
stellar spheroid.

3. The smooth functions representing the different mass com-
ponents in this larger model were used to generate Monte
Carlo positions and velocities as initial conditions for the
N-body integrations.

4. Two such N-body models, with different total masses and
radii, were placed in orbit around each other and integrated
forward until the two MBH particles had formed a tightly
bound pair at the center. At this time, the merged galaxy
contained a large, low-density core created by the binary
MBH.

5. The two MBH particles were combined into a single particle
and the merged galaxy was re-sampled using a smaller N.
This model was then integrated forward for a few central
relaxation times, allowing the different mass groups to again
evolve toward a collisional steady state near the center.

In more detail, the mass-segregated models described in step
1 were created as follows.

Initial conditions were generated from a density law having
roughly the expected, steady-state distribution near the MBH.
We used the modified Prugniel-Simien model described by
Terzić & Graham (2005), which has a central density cusp of
adjustable slope:
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Setting # = 3/2 in the first term gives ! $ r"3/2 near the
center, which is close to the collisionally relaxed density profile
expected for the dominant population in a multi-mass cusp
(e.g., Hopman & Alexander 2006). The parameter rs determines
the extent of the cusp; in relaxed, single-component models,
rs % 0.2rh (e.g., Merritt & Szell 2006). The parameter p sets the
power-law slope beyond the central cusp; we set p = 0.5, i.e.,
a relatively constant density like that of the nuclear stellar disk
of the Milky Way. The two final terms on the right hand side
of Equation (3) mimic a deprojected Sérsic-law galaxy, with n
the Sérsic index; the parameter b can be related to n if rPS is
identified with the effective radius (Terzić & Graham 2005). In
our case, the exponential term is invoked only to provide a sharp
truncation to the model outside of $ a few rh; we set n = 1.5.
Given these parameters, and setting " = 4, we could then solve
for the cusp radius rs in units of the model scale-length rPS:
rs % 0.05rPS. The result is shown as the thin dotted curve in
Figure 1.

This initial model was assigned a mass of 50 M•. If we equate
M• and rh with their values in the Milky Way (respectively
$4 # 106 M& and $2.5 pc), the unit of length is $10 pc and
the total mass is $2 # 108 M&. Henceforth we refer to this
subsystem as the NSC.

The NSC model was assumed to be made up of four
discrete mass groups. The relative values of the particle masses
were 1:0.6:1.4:10. These represent, respectively, one-solar-
mass main-sequence stars (MS), white dwarfs (WD), neutron
stars (NS), and 10 M& BHs. The relative numbers of the four
populations were set to

NMS:NWD:NNS:NBH = 1:0.2:0.02:0.005, (4)

Figure 1. Thin dotted (black) curve is the density profile of the initial, non-
mass-segregated model, Equation (3). Other curves show mass density profiles
of the four species after integration for $1.5 central relaxation times: 1 M&
main-sequence stars (thin, red); 0.6 M& white dwarfs (dashed, green); 1.6 M&
neutron stars (dash-dotted, blue); and 10 M& stellar black holes (thick, black).
Each curve represents the combined density of eight independent integrations
with 132k particles. Scaled to the Milky Way, the unit of length is approximately
10 pc and the total mass is approximately 2 # 108 M&. Thick dotted (black)
curve shows the second, more extended analytical model into which the mass-
segregated cusp was imbedded; this model has four times the mass of the first
model.

independent of radius. In reality, these fractions would depend
on the IMF and the star formation history. Standard values
are

NMS:NWD:NNS:NBH % 1:0.1:0.01:0.001 (5)

(e.g., Alexander 2005). By comparison, our model contains
roughly twice the numbers of WDs and NSs and five times
the number of BHs. This was done in order to improve the
statistics for the remnant populations, particularly the BHs. Our
choices could also be seen as corresponding to a “top-heavy”
IMF (e.g., Maness et al. 2007). In our post-merger simulations,
we explored the consequences of varying these ratios.

Initial positions and velocities of particles from the four mass
groups were generated in a standard way. (1) The gravitational
potential !(r) was computed from the known mass distribution
(Equation (3)) plus the central MBH particle. (2) The function
N (<v, r), the cumulative distribution of velocities at each
radius, was computed as in Szell et al. (2005) from !(r) and
!(r), assuming an isotropic velocity distribution. (3) Monte
Carlo positions and velocities were generated from N (<v, r)
for each of the four mass groups, with the relative numbers
given by Equation (4).

We generated eight such models, each containing 131,071
particles, using different initial seeds for the random number
generator in each case. We then independently integrated these
eight models forward for a time corresponding to roughly 1.5
central relaxation times as defined by Equation (7) (using for m
the mass of an MS particle). The initial relaxation time (which
is independent of radius near the MBH in a ! $ r"3/2 cusp)
was roughly 130 in model units (G = M = rPS = 1). We

3

The Astrophysical Journal, 744:74 (21pp), 2012 January 1 Gualandris & Merritt

integration. These functions were then “spliced” onto a
larger, unrelaxed model, at a radius where the effects of
mass segregation were essentially zero. This larger model
had a mass of 200 M•, or roughly 1/5 the mass of an entire
stellar spheroid.

3. The smooth functions representing the different mass com-
ponents in this larger model were used to generate Monte
Carlo positions and velocities as initial conditions for the
N-body integrations.

4. Two such N-body models, with different total masses and
radii, were placed in orbit around each other and integrated
forward until the two MBH particles had formed a tightly
bound pair at the center. At this time, the merged galaxy
contained a large, low-density core created by the binary
MBH.

5. The two MBH particles were combined into a single particle
and the merged galaxy was re-sampled using a smaller N.
This model was then integrated forward for a few central
relaxation times, allowing the different mass groups to again
evolve toward a collisional steady state near the center.

In more detail, the mass-segregated models described in step
1 were created as follows.

Initial conditions were generated from a density law having
roughly the expected, steady-state distribution near the MBH.
We used the modified Prugniel-Simien model described by
Terzić & Graham (2005), which has a central density cusp of
adjustable slope:
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Setting # = 3/2 in the first term gives ! $ r"3/2 near the
center, which is close to the collisionally relaxed density profile
expected for the dominant population in a multi-mass cusp
(e.g., Hopman & Alexander 2006). The parameter rs determines
the extent of the cusp; in relaxed, single-component models,
rs % 0.2rh (e.g., Merritt & Szell 2006). The parameter p sets the
power-law slope beyond the central cusp; we set p = 0.5, i.e.,
a relatively constant density like that of the nuclear stellar disk
of the Milky Way. The two final terms on the right hand side
of Equation (3) mimic a deprojected Sérsic-law galaxy, with n
the Sérsic index; the parameter b can be related to n if rPS is
identified with the effective radius (Terzić & Graham 2005). In
our case, the exponential term is invoked only to provide a sharp
truncation to the model outside of $ a few rh; we set n = 1.5.
Given these parameters, and setting " = 4, we could then solve
for the cusp radius rs in units of the model scale-length rPS:
rs % 0.05rPS. The result is shown as the thin dotted curve in
Figure 1.

This initial model was assigned a mass of 50 M•. If we equate
M• and rh with their values in the Milky Way (respectively
$4 # 106 M& and $2.5 pc), the unit of length is $10 pc and
the total mass is $2 # 108 M&. Henceforth we refer to this
subsystem as the NSC.

The NSC model was assumed to be made up of four
discrete mass groups. The relative values of the particle masses
were 1:0.6:1.4:10. These represent, respectively, one-solar-
mass main-sequence stars (MS), white dwarfs (WD), neutron
stars (NS), and 10 M& BHs. The relative numbers of the four
populations were set to

NMS:NWD:NNS:NBH = 1:0.2:0.02:0.005, (4)

Figure 1. Thin dotted (black) curve is the density profile of the initial, non-
mass-segregated model, Equation (3). Other curves show mass density profiles
of the four species after integration for $1.5 central relaxation times: 1 M&
main-sequence stars (thin, red); 0.6 M& white dwarfs (dashed, green); 1.6 M&
neutron stars (dash-dotted, blue); and 10 M& stellar black holes (thick, black).
Each curve represents the combined density of eight independent integrations
with 132k particles. Scaled to the Milky Way, the unit of length is approximately
10 pc and the total mass is approximately 2 # 108 M&. Thick dotted (black)
curve shows the second, more extended analytical model into which the mass-
segregated cusp was imbedded; this model has four times the mass of the first
model.

independent of radius. In reality, these fractions would depend
on the IMF and the star formation history. Standard values
are

NMS:NWD:NNS:NBH % 1:0.1:0.01:0.001 (5)

(e.g., Alexander 2005). By comparison, our model contains
roughly twice the numbers of WDs and NSs and five times
the number of BHs. This was done in order to improve the
statistics for the remnant populations, particularly the BHs. Our
choices could also be seen as corresponding to a “top-heavy”
IMF (e.g., Maness et al. 2007). In our post-merger simulations,
we explored the consequences of varying these ratios.

Initial positions and velocities of particles from the four mass
groups were generated in a standard way. (1) The gravitational
potential !(r) was computed from the known mass distribution
(Equation (3)) plus the central MBH particle. (2) The function
N (<v, r), the cumulative distribution of velocities at each
radius, was computed as in Szell et al. (2005) from !(r) and
!(r), assuming an isotropic velocity distribution. (3) Monte
Carlo positions and velocities were generated from N (<v, r)
for each of the four mass groups, with the relative numbers
given by Equation (4).

We generated eight such models, each containing 131,071
particles, using different initial seeds for the random number
generator in each case. We then independently integrated these
eight models forward for a time corresponding to roughly 1.5
central relaxation times as defined by Equation (7) (using for m
the mass of an MS particle). The initial relaxation time (which
is independent of radius near the MBH in a ! $ r"3/2 cusp)
was roughly 130 in model units (G = M = rPS = 1). We

3

Standard	  IMF:	  

Top-‐Heavy	  IMF:	  

Stellar	  black	  holes:	  number	  frac.on	  and	  mass	  

The Astrophysical Journal, 744:74 (21pp), 2012 January 1 Gualandris & Merritt

integration. These functions were then “spliced” onto a
larger, unrelaxed model, at a radius where the effects of
mass segregation were essentially zero. This larger model
had a mass of 200 M•, or roughly 1/5 the mass of an entire
stellar spheroid.

3. The smooth functions representing the different mass com-
ponents in this larger model were used to generate Monte
Carlo positions and velocities as initial conditions for the
N-body integrations.

4. Two such N-body models, with different total masses and
radii, were placed in orbit around each other and integrated
forward until the two MBH particles had formed a tightly
bound pair at the center. At this time, the merged galaxy
contained a large, low-density core created by the binary
MBH.

5. The two MBH particles were combined into a single particle
and the merged galaxy was re-sampled using a smaller N.
This model was then integrated forward for a few central
relaxation times, allowing the different mass groups to again
evolve toward a collisional steady state near the center.

In more detail, the mass-segregated models described in step
1 were created as follows.

Initial conditions were generated from a density law having
roughly the expected, steady-state distribution near the MBH.
We used the modified Prugniel-Simien model described by
Terzić & Graham (2005), which has a central density cusp of
adjustable slope:
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Setting # = 3/2 in the first term gives ! $ r"3/2 near the
center, which is close to the collisionally relaxed density profile
expected for the dominant population in a multi-mass cusp
(e.g., Hopman & Alexander 2006). The parameter rs determines
the extent of the cusp; in relaxed, single-component models,
rs % 0.2rh (e.g., Merritt & Szell 2006). The parameter p sets the
power-law slope beyond the central cusp; we set p = 0.5, i.e.,
a relatively constant density like that of the nuclear stellar disk
of the Milky Way. The two final terms on the right hand side
of Equation (3) mimic a deprojected Sérsic-law galaxy, with n
the Sérsic index; the parameter b can be related to n if rPS is
identified with the effective radius (Terzić & Graham 2005). In
our case, the exponential term is invoked only to provide a sharp
truncation to the model outside of $ a few rh; we set n = 1.5.
Given these parameters, and setting " = 4, we could then solve
for the cusp radius rs in units of the model scale-length rPS:
rs % 0.05rPS. The result is shown as the thin dotted curve in
Figure 1.

This initial model was assigned a mass of 50 M•. If we equate
M• and rh with their values in the Milky Way (respectively
$4 # 106 M& and $2.5 pc), the unit of length is $10 pc and
the total mass is $2 # 108 M&. Henceforth we refer to this
subsystem as the NSC.

The NSC model was assumed to be made up of four
discrete mass groups. The relative values of the particle masses
were 1:0.6:1.4:10. These represent, respectively, one-solar-
mass main-sequence stars (MS), white dwarfs (WD), neutron
stars (NS), and 10 M& BHs. The relative numbers of the four
populations were set to

NMS:NWD:NNS:NBH = 1:0.2:0.02:0.005, (4)

Figure 1. Thin dotted (black) curve is the density profile of the initial, non-
mass-segregated model, Equation (3). Other curves show mass density profiles
of the four species after integration for $1.5 central relaxation times: 1 M&
main-sequence stars (thin, red); 0.6 M& white dwarfs (dashed, green); 1.6 M&
neutron stars (dash-dotted, blue); and 10 M& stellar black holes (thick, black).
Each curve represents the combined density of eight independent integrations
with 132k particles. Scaled to the Milky Way, the unit of length is approximately
10 pc and the total mass is approximately 2 # 108 M&. Thick dotted (black)
curve shows the second, more extended analytical model into which the mass-
segregated cusp was imbedded; this model has four times the mass of the first
model.

independent of radius. In reality, these fractions would depend
on the IMF and the star formation history. Standard values
are

NMS:NWD:NNS:NBH % 1:0.1:0.01:0.001 (5)

(e.g., Alexander 2005). By comparison, our model contains
roughly twice the numbers of WDs and NSs and five times
the number of BHs. This was done in order to improve the
statistics for the remnant populations, particularly the BHs. Our
choices could also be seen as corresponding to a “top-heavy”
IMF (e.g., Maness et al. 2007). In our post-merger simulations,
we explored the consequences of varying these ratios.

Initial positions and velocities of particles from the four mass
groups were generated in a standard way. (1) The gravitational
potential !(r) was computed from the known mass distribution
(Equation (3)) plus the central MBH particle. (2) The function
N (<v, r), the cumulative distribution of velocities at each
radius, was computed as in Szell et al. (2005) from !(r) and
!(r), assuming an isotropic velocity distribution. (3) Monte
Carlo positions and velocities were generated from N (<v, r)
for each of the four mass groups, with the relative numbers
given by Equation (4).

We generated eight such models, each containing 131,071
particles, using different initial seeds for the random number
generator in each case. We then independently integrated these
eight models forward for a time corresponding to roughly 1.5
central relaxation times as defined by Equation (7) (using for m
the mass of an MS particle). The initial relaxation time (which
is independent of radius near the MBH in a ! $ r"3/2 cusp)
was roughly 130 in model units (G = M = rPS = 1). We
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Figure 2. Solid line shows the sum of likelihoods for the mass measurements
of the 16 black holes in low-mass X-ray binaries. Note that because of the high-
mass wings of the individual likelihoods, the shape of their sum is artificial at the
high-mass end. The dashed and dotted lines show the exponential and Gaussian
distributions, respectively, with parameters that best fit the data (see Section 4).
(A color version of this figure is available in the online journal.)

exponentially decaying mass distribution with a cutoff given by

P (M;Mscale,Mc) = exp(Mc/Mscale)
Mscale

!
!

exp("M/Mscale) , M > Mc
0 , M ! Mc

.(9)

This choice of the mass distribution is motivated by theoretical
expectations based on the energetics of supernova explosions,
as well as the density profiles and mass distributions of pre-
supernova stars. The typical value of the mass scale is expected
to lie in the range Mscale # 5.5–9 M$ (as we infer from the
various figures in Fryer & Kalogera 2001), whereas the cutoff
mass is simply expected to be the maximum neutron-star mass.
Our goal is to find the values of the mass scale Mscale in the
exponential and the cutoff mass Mc that maximize a properly
defined likelihood and to estimate their uncertainties. We will
show below that the particular choice of the functional form of
the mass distribution does not affect the main conclusions of the
paper.

In Section 3, we calculated, for each observed black hole, the
probability Pi(data|M), which measures the chance of making
a particular observation if the black hole has mass M. What
we want to calculate here is the probability P (Mscale,Mc|data),
which measures the likelihood of the parameters of the black
hole mass distribution, given the observations. Using Bayes’
theorem, we can write this as

P (Mscale,Mc|data) = C2P (data|Mscale,Mc)P (Mscale)P (Mc) ,
(10)

where C2 is the normalization constant and P (Mscale) and P (Mc)
are the priors over the values of the mass scale and cutoff mass.
We assume a flat prior over the mass scale between Mscale = 0
and a maximum value Mscale = Mmax, i.e.,

P (Mscale) =

"
#

$

0, Mscale ! 0
1

Mmax
, 0 < Mscale ! Mmax

0, Mscale > Mmax .
(11)

The upper limit Mmax is imposed mostly for computational
reasons and does not affect the results. We also adopt a similar

Figure 3. Parameters of an exponential black hole mass distribution with a low-
mass cutoff. The cutoff mass is well above theoretical expectations, indicating a
sizable gap between neutron-star and black hole masses. Furthermore, the mass
scale in the exponential is significantly smaller than theoretical expectations.
(A color version of this figure is available in the online journal.)

prior over the cutoff mass between the maximum neutron-star
mass, which we set to 2 M$, and the minimum well-established
mass measurement for a black hole. As will be evident from
the results, the particular choice of this range does not affect
the measured parameters. We also repeated this analysis with
logarithmic priors in the two parameters and found that the
results are insensitive to the choice of priors.

In Equation (10), the quantity P (data|Mscale,Mc) measures
the chance that we make a particular set of observations for the
ensemble of black holes, given the values of the parameters of
the mass distribution. We need now to estimate this quantity,
given the likelihoods for the individual sources. We will assume
that each measurement is independent of all the others, so that

P (data|Mscale,Mc) =
%

i

&
dMPi(data|M)P (M;Mscale,Mc) .

(12)
Combining this last equation with Equation (10) we obtain

P (Mscale,Mc|data) = CP(Mscale)P (Mc)
%

i

!
&

dMPi(data|M)P (M;Mscale,Mc),

(13)

where C is the overall normalization constant.
We show in Figure 3 the 68% and 95% confidence contours

of the mass scale and cutoff mass that best describe the
observations and compare them to the theoretical expectation.
The lack of black holes below #5 M$ and the rapid decline
of the exponential distribution at the high-mass end are both
remarkable (see the dashed line in Figure 2). The latter result
is not at odds with the relatively high mass of GRS 1915+105
because of the wide and shallow mass probability distribution
of this source.

In order to explore whether the small number of sources
with very well-determined masses dominate this result, we did
the following test. We repeated the calculation using the mass
functions and constraints on the mass ratios for all sources

(Özel+2010)	  
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integration. These functions were then “spliced” onto a
larger, unrelaxed model, at a radius where the effects of
mass segregation were essentially zero. This larger model
had a mass of 200 M•, or roughly 1/5 the mass of an entire
stellar spheroid.

3. The smooth functions representing the different mass com-
ponents in this larger model were used to generate Monte
Carlo positions and velocities as initial conditions for the
N-body integrations.

4. Two such N-body models, with different total masses and
radii, were placed in orbit around each other and integrated
forward until the two MBH particles had formed a tightly
bound pair at the center. At this time, the merged galaxy
contained a large, low-density core created by the binary
MBH.

5. The two MBH particles were combined into a single particle
and the merged galaxy was re-sampled using a smaller N.
This model was then integrated forward for a few central
relaxation times, allowing the different mass groups to again
evolve toward a collisional steady state near the center.

In more detail, the mass-segregated models described in step
1 were created as follows.

Initial conditions were generated from a density law having
roughly the expected, steady-state distribution near the MBH.
We used the modified Prugniel-Simien model described by
Terzić & Graham (2005), which has a central density cusp of
adjustable slope:
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Setting # = 3/2 in the first term gives ! $ r"3/2 near the
center, which is close to the collisionally relaxed density profile
expected for the dominant population in a multi-mass cusp
(e.g., Hopman & Alexander 2006). The parameter rs determines
the extent of the cusp; in relaxed, single-component models,
rs % 0.2rh (e.g., Merritt & Szell 2006). The parameter p sets the
power-law slope beyond the central cusp; we set p = 0.5, i.e.,
a relatively constant density like that of the nuclear stellar disk
of the Milky Way. The two final terms on the right hand side
of Equation (3) mimic a deprojected Sérsic-law galaxy, with n
the Sérsic index; the parameter b can be related to n if rPS is
identified with the effective radius (Terzić & Graham 2005). In
our case, the exponential term is invoked only to provide a sharp
truncation to the model outside of $ a few rh; we set n = 1.5.
Given these parameters, and setting " = 4, we could then solve
for the cusp radius rs in units of the model scale-length rPS:
rs % 0.05rPS. The result is shown as the thin dotted curve in
Figure 1.

This initial model was assigned a mass of 50 M•. If we equate
M• and rh with their values in the Milky Way (respectively
$4 # 106 M& and $2.5 pc), the unit of length is $10 pc and
the total mass is $2 # 108 M&. Henceforth we refer to this
subsystem as the NSC.

The NSC model was assumed to be made up of four
discrete mass groups. The relative values of the particle masses
were 1:0.6:1.4:10. These represent, respectively, one-solar-
mass main-sequence stars (MS), white dwarfs (WD), neutron
stars (NS), and 10 M& BHs. The relative numbers of the four
populations were set to

NMS:NWD:NNS:NBH = 1:0.2:0.02:0.005, (4)

Figure 1. Thin dotted (black) curve is the density profile of the initial, non-
mass-segregated model, Equation (3). Other curves show mass density profiles
of the four species after integration for $1.5 central relaxation times: 1 M&
main-sequence stars (thin, red); 0.6 M& white dwarfs (dashed, green); 1.6 M&
neutron stars (dash-dotted, blue); and 10 M& stellar black holes (thick, black).
Each curve represents the combined density of eight independent integrations
with 132k particles. Scaled to the Milky Way, the unit of length is approximately
10 pc and the total mass is approximately 2 # 108 M&. Thick dotted (black)
curve shows the second, more extended analytical model into which the mass-
segregated cusp was imbedded; this model has four times the mass of the first
model.

independent of radius. In reality, these fractions would depend
on the IMF and the star formation history. Standard values
are

NMS:NWD:NNS:NBH % 1:0.1:0.01:0.001 (5)

(e.g., Alexander 2005). By comparison, our model contains
roughly twice the numbers of WDs and NSs and five times
the number of BHs. This was done in order to improve the
statistics for the remnant populations, particularly the BHs. Our
choices could also be seen as corresponding to a “top-heavy”
IMF (e.g., Maness et al. 2007). In our post-merger simulations,
we explored the consequences of varying these ratios.

Initial positions and velocities of particles from the four mass
groups were generated in a standard way. (1) The gravitational
potential !(r) was computed from the known mass distribution
(Equation (3)) plus the central MBH particle. (2) The function
N (<v, r), the cumulative distribution of velocities at each
radius, was computed as in Szell et al. (2005) from !(r) and
!(r), assuming an isotropic velocity distribution. (3) Monte
Carlo positions and velocities were generated from N (<v, r)
for each of the four mass groups, with the relative numbers
given by Equation (4).

We generated eight such models, each containing 131,071
particles, using different initial seeds for the random number
generator in each case. We then independently integrated these
eight models forward for a time corresponding to roughly 1.5
central relaxation times as defined by Equation (7) (using for m
the mass of an MS particle). The initial relaxation time (which
is independent of radius near the MBH in a ! $ r"3/2 cusp)
was roughly 130 in model units (G = M = rPS = 1). We
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integration. These functions were then “spliced” onto a
larger, unrelaxed model, at a radius where the effects of
mass segregation were essentially zero. This larger model
had a mass of 200 M•, or roughly 1/5 the mass of an entire
stellar spheroid.

3. The smooth functions representing the different mass com-
ponents in this larger model were used to generate Monte
Carlo positions and velocities as initial conditions for the
N-body integrations.

4. Two such N-body models, with different total masses and
radii, were placed in orbit around each other and integrated
forward until the two MBH particles had formed a tightly
bound pair at the center. At this time, the merged galaxy
contained a large, low-density core created by the binary
MBH.

5. The two MBH particles were combined into a single particle
and the merged galaxy was re-sampled using a smaller N.
This model was then integrated forward for a few central
relaxation times, allowing the different mass groups to again
evolve toward a collisional steady state near the center.

In more detail, the mass-segregated models described in step
1 were created as follows.

Initial conditions were generated from a density law having
roughly the expected, steady-state distribution near the MBH.
We used the modified Prugniel-Simien model described by
Terzić & Graham (2005), which has a central density cusp of
adjustable slope:
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Setting # = 3/2 in the first term gives ! $ r"3/2 near the
center, which is close to the collisionally relaxed density profile
expected for the dominant population in a multi-mass cusp
(e.g., Hopman & Alexander 2006). The parameter rs determines
the extent of the cusp; in relaxed, single-component models,
rs % 0.2rh (e.g., Merritt & Szell 2006). The parameter p sets the
power-law slope beyond the central cusp; we set p = 0.5, i.e.,
a relatively constant density like that of the nuclear stellar disk
of the Milky Way. The two final terms on the right hand side
of Equation (3) mimic a deprojected Sérsic-law galaxy, with n
the Sérsic index; the parameter b can be related to n if rPS is
identified with the effective radius (Terzić & Graham 2005). In
our case, the exponential term is invoked only to provide a sharp
truncation to the model outside of $ a few rh; we set n = 1.5.
Given these parameters, and setting " = 4, we could then solve
for the cusp radius rs in units of the model scale-length rPS:
rs % 0.05rPS. The result is shown as the thin dotted curve in
Figure 1.

This initial model was assigned a mass of 50 M•. If we equate
M• and rh with their values in the Milky Way (respectively
$4 # 106 M& and $2.5 pc), the unit of length is $10 pc and
the total mass is $2 # 108 M&. Henceforth we refer to this
subsystem as the NSC.

The NSC model was assumed to be made up of four
discrete mass groups. The relative values of the particle masses
were 1:0.6:1.4:10. These represent, respectively, one-solar-
mass main-sequence stars (MS), white dwarfs (WD), neutron
stars (NS), and 10 M& BHs. The relative numbers of the four
populations were set to

NMS:NWD:NNS:NBH = 1:0.2:0.02:0.005, (4)

Figure 1. Thin dotted (black) curve is the density profile of the initial, non-
mass-segregated model, Equation (3). Other curves show mass density profiles
of the four species after integration for $1.5 central relaxation times: 1 M&
main-sequence stars (thin, red); 0.6 M& white dwarfs (dashed, green); 1.6 M&
neutron stars (dash-dotted, blue); and 10 M& stellar black holes (thick, black).
Each curve represents the combined density of eight independent integrations
with 132k particles. Scaled to the Milky Way, the unit of length is approximately
10 pc and the total mass is approximately 2 # 108 M&. Thick dotted (black)
curve shows the second, more extended analytical model into which the mass-
segregated cusp was imbedded; this model has four times the mass of the first
model.

independent of radius. In reality, these fractions would depend
on the IMF and the star formation history. Standard values
are

NMS:NWD:NNS:NBH % 1:0.1:0.01:0.001 (5)

(e.g., Alexander 2005). By comparison, our model contains
roughly twice the numbers of WDs and NSs and five times
the number of BHs. This was done in order to improve the
statistics for the remnant populations, particularly the BHs. Our
choices could also be seen as corresponding to a “top-heavy”
IMF (e.g., Maness et al. 2007). In our post-merger simulations,
we explored the consequences of varying these ratios.

Initial positions and velocities of particles from the four mass
groups were generated in a standard way. (1) The gravitational
potential !(r) was computed from the known mass distribution
(Equation (3)) plus the central MBH particle. (2) The function
N (<v, r), the cumulative distribution of velocities at each
radius, was computed as in Szell et al. (2005) from !(r) and
!(r), assuming an isotropic velocity distribution. (3) Monte
Carlo positions and velocities were generated from N (<v, r)
for each of the four mass groups, with the relative numbers
given by Equation (4).

We generated eight such models, each containing 131,071
particles, using different initial seeds for the random number
generator in each case. We then independently integrated these
eight models forward for a time corresponding to roughly 1.5
central relaxation times as defined by Equation (7) (using for m
the mass of an MS particle). The initial relaxation time (which
is independent of radius near the MBH in a ! $ r"3/2 cusp)
was roughly 130 in model units (G = M = rPS = 1). We
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integration. These functions were then “spliced” onto a
larger, unrelaxed model, at a radius where the effects of
mass segregation were essentially zero. This larger model
had a mass of 200 M•, or roughly 1/5 the mass of an entire
stellar spheroid.
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Carlo positions and velocities as initial conditions for the
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4. Two such N-body models, with different total masses and
radii, were placed in orbit around each other and integrated
forward until the two MBH particles had formed a tightly
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This model was then integrated forward for a few central
relaxation times, allowing the different mass groups to again
evolve toward a collisional steady state near the center.

In more detail, the mass-segregated models described in step
1 were created as follows.

Initial conditions were generated from a density law having
roughly the expected, steady-state distribution near the MBH.
We used the modified Prugniel-Simien model described by
Terzić & Graham (2005), which has a central density cusp of
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Setting # = 3/2 in the first term gives ! $ r"3/2 near the
center, which is close to the collisionally relaxed density profile
expected for the dominant population in a multi-mass cusp
(e.g., Hopman & Alexander 2006). The parameter rs determines
the extent of the cusp; in relaxed, single-component models,
rs % 0.2rh (e.g., Merritt & Szell 2006). The parameter p sets the
power-law slope beyond the central cusp; we set p = 0.5, i.e.,
a relatively constant density like that of the nuclear stellar disk
of the Milky Way. The two final terms on the right hand side
of Equation (3) mimic a deprojected Sérsic-law galaxy, with n
the Sérsic index; the parameter b can be related to n if rPS is
identified with the effective radius (Terzić & Graham 2005). In
our case, the exponential term is invoked only to provide a sharp
truncation to the model outside of $ a few rh; we set n = 1.5.
Given these parameters, and setting " = 4, we could then solve
for the cusp radius rs in units of the model scale-length rPS:
rs % 0.05rPS. The result is shown as the thin dotted curve in
Figure 1.

This initial model was assigned a mass of 50 M•. If we equate
M• and rh with their values in the Milky Way (respectively
$4 # 106 M& and $2.5 pc), the unit of length is $10 pc and
the total mass is $2 # 108 M&. Henceforth we refer to this
subsystem as the NSC.

The NSC model was assumed to be made up of four
discrete mass groups. The relative values of the particle masses
were 1:0.6:1.4:10. These represent, respectively, one-solar-
mass main-sequence stars (MS), white dwarfs (WD), neutron
stars (NS), and 10 M& BHs. The relative numbers of the four
populations were set to

NMS:NWD:NNS:NBH = 1:0.2:0.02:0.005, (4)

Figure 1. Thin dotted (black) curve is the density profile of the initial, non-
mass-segregated model, Equation (3). Other curves show mass density profiles
of the four species after integration for $1.5 central relaxation times: 1 M&
main-sequence stars (thin, red); 0.6 M& white dwarfs (dashed, green); 1.6 M&
neutron stars (dash-dotted, blue); and 10 M& stellar black holes (thick, black).
Each curve represents the combined density of eight independent integrations
with 132k particles. Scaled to the Milky Way, the unit of length is approximately
10 pc and the total mass is approximately 2 # 108 M&. Thick dotted (black)
curve shows the second, more extended analytical model into which the mass-
segregated cusp was imbedded; this model has four times the mass of the first
model.

independent of radius. In reality, these fractions would depend
on the IMF and the star formation history. Standard values
are

NMS:NWD:NNS:NBH % 1:0.1:0.01:0.001 (5)

(e.g., Alexander 2005). By comparison, our model contains
roughly twice the numbers of WDs and NSs and five times
the number of BHs. This was done in order to improve the
statistics for the remnant populations, particularly the BHs. Our
choices could also be seen as corresponding to a “top-heavy”
IMF (e.g., Maness et al. 2007). In our post-merger simulations,
we explored the consequences of varying these ratios.

Initial positions and velocities of particles from the four mass
groups were generated in a standard way. (1) The gravitational
potential !(r) was computed from the known mass distribution
(Equation (3)) plus the central MBH particle. (2) The function
N (<v, r), the cumulative distribution of velocities at each
radius, was computed as in Szell et al. (2005) from !(r) and
!(r), assuming an isotropic velocity distribution. (3) Monte
Carlo positions and velocities were generated from N (<v, r)
for each of the four mass groups, with the relative numbers
given by Equation (4).

We generated eight such models, each containing 131,071
particles, using different initial seeds for the random number
generator in each case. We then independently integrated these
eight models forward for a time corresponding to roughly 1.5
central relaxation times as defined by Equation (7) (using for m
the mass of an MS particle). The initial relaxation time (which
is independent of radius near the MBH in a ! $ r"3/2 cusp)
was roughly 130 in model units (G = M = rPS = 1). We
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Figure 2. Solid line shows the sum of likelihoods for the mass measurements
of the 16 black holes in low-mass X-ray binaries. Note that because of the high-
mass wings of the individual likelihoods, the shape of their sum is artificial at the
high-mass end. The dashed and dotted lines show the exponential and Gaussian
distributions, respectively, with parameters that best fit the data (see Section 4).
(A color version of this figure is available in the online journal.)

exponentially decaying mass distribution with a cutoff given by

P (M;Mscale,Mc) = exp(Mc/Mscale)
Mscale

!
!

exp("M/Mscale) , M > Mc
0 , M ! Mc

.(9)

This choice of the mass distribution is motivated by theoretical
expectations based on the energetics of supernova explosions,
as well as the density profiles and mass distributions of pre-
supernova stars. The typical value of the mass scale is expected
to lie in the range Mscale # 5.5–9 M$ (as we infer from the
various figures in Fryer & Kalogera 2001), whereas the cutoff
mass is simply expected to be the maximum neutron-star mass.
Our goal is to find the values of the mass scale Mscale in the
exponential and the cutoff mass Mc that maximize a properly
defined likelihood and to estimate their uncertainties. We will
show below that the particular choice of the functional form of
the mass distribution does not affect the main conclusions of the
paper.

In Section 3, we calculated, for each observed black hole, the
probability Pi(data|M), which measures the chance of making
a particular observation if the black hole has mass M. What
we want to calculate here is the probability P (Mscale,Mc|data),
which measures the likelihood of the parameters of the black
hole mass distribution, given the observations. Using Bayes’
theorem, we can write this as

P (Mscale,Mc|data) = C2P (data|Mscale,Mc)P (Mscale)P (Mc) ,
(10)

where C2 is the normalization constant and P (Mscale) and P (Mc)
are the priors over the values of the mass scale and cutoff mass.
We assume a flat prior over the mass scale between Mscale = 0
and a maximum value Mscale = Mmax, i.e.,

P (Mscale) =

"
#

$

0, Mscale ! 0
1

Mmax
, 0 < Mscale ! Mmax

0, Mscale > Mmax .
(11)

The upper limit Mmax is imposed mostly for computational
reasons and does not affect the results. We also adopt a similar

Figure 3. Parameters of an exponential black hole mass distribution with a low-
mass cutoff. The cutoff mass is well above theoretical expectations, indicating a
sizable gap between neutron-star and black hole masses. Furthermore, the mass
scale in the exponential is significantly smaller than theoretical expectations.
(A color version of this figure is available in the online journal.)

prior over the cutoff mass between the maximum neutron-star
mass, which we set to 2 M$, and the minimum well-established
mass measurement for a black hole. As will be evident from
the results, the particular choice of this range does not affect
the measured parameters. We also repeated this analysis with
logarithmic priors in the two parameters and found that the
results are insensitive to the choice of priors.

In Equation (10), the quantity P (data|Mscale,Mc) measures
the chance that we make a particular set of observations for the
ensemble of black holes, given the values of the parameters of
the mass distribution. We need now to estimate this quantity,
given the likelihoods for the individual sources. We will assume
that each measurement is independent of all the others, so that

P (data|Mscale,Mc) =
%

i

&
dMPi(data|M)P (M;Mscale,Mc) .

(12)
Combining this last equation with Equation (10) we obtain

P (Mscale,Mc|data) = CP(Mscale)P (Mc)
%

i

!
&

dMPi(data|M)P (M;Mscale,Mc),

(13)

where C is the overall normalization constant.
We show in Figure 3 the 68% and 95% confidence contours

of the mass scale and cutoff mass that best describe the
observations and compare them to the theoretical expectation.
The lack of black holes below #5 M$ and the rapid decline
of the exponential distribution at the high-mass end are both
remarkable (see the dashed line in Figure 2). The latter result
is not at odds with the relatively high mass of GRS 1915+105
because of the wide and shallow mass probability distribution
of this source.

In order to explore whether the small number of sources
with very well-determined masses dominate this result, we did
the following test. We repeated the calculation using the mass
functions and constraints on the mass ratios for all sources
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Figure 4. Distribution of the reconstructed angular differences from the
local average angular momentum direction of the clockwise system for the
early-type stars with projected distances between 0.!!8 and 12!!. The three
distributions correspond to different K-band luminosities: black, mK < 14;
red, 14 ! mK ! 15; green, mK > 15. Only 1 out of 11 stars fainter than
mK = 15 is compatible with the clockwise disk.
(A color version of this figure is available in the online journal.)

6 degrees of freedom). For comparison, the standard Salpeter/
Kroupa IMF has a high-mass power law of dN/dm " m#2.3. The
IMF found by Bonnell & Rice (2008) for their 105 M$ cloud
simulation also gives a reasonable fit to the data (!2 = 7.6,
6 degrees of freedom). We have also selected only those early-
type stars, which have an angular offset of less than 10% from the
local disk angular momentum direction (see Bartko et al. 2009)
and subsequently fitted by the theoretical KLF as a function of
IMF slope. The obtained IMF slope agrees with the IMF slope
of all stars in the radial interval 0.!!8 ! R ! 12!! within errors.

The IMF of the field early-type stars beyond 12!! and the
S-stars within 0.!!8 can be fitted by a power-law IMF with a
slope of dN/dm " m#2.15 ± 0.3, compatible with a standard
Salpeter/Kroupa IMF. These latter KLFs can also be fitted by
Salpeter/Kroupa IMFs and continuous star formation histories
with moderate ages (!60 Myr).

It is straightforward to compute a one-to-one relation between
observed K-band magnitude and initial mass for stars on the
main sequence. However, for evolved stars a range of masses
contribute at a given K magnitude. Therefore, we do not estimate
the initial mass for each star but rather compare the observed
distribution of K-band magnitudes to the simulated magnitude
distribution for different IMFs. The top x-axis of Figure 3 shows
the average initial mass of the early-type stars contributing to
the K-band magnitude bins for a 6 Myr old cluster for an IMF
of dN/dm " m#0.45 as generated with the STARS code. Most
of the stars with mK > 14 are B dwarfs, the brighter magnitude
bins contain O dwarfs, giants, and WR stars. The main sequence
ends at about mK = 12, corresponding to stars with initial
masses of about 25 M$ with main-sequence lifetimes of 6 Myr.

An mK = 16.5 early-type star for a 6 Myr old population
corresponds approximately to a B5V main-sequence star with a
ZAMS mass of about 7 M$ (see Figure 3). The most massive
stars with an individual mass estimates have ZAMS masses of
at least 60 M$ (Martins et al. 2006, 2007). Our estimated IMF
slope of the stellar disks (dN/dm " m#0.45 ± 0.3) is therefore at
least valid over the mass interval 7–60 M$.
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Figure 5. Cylindrical equal area projection of the distribution of significance
in the sky (25% aperture, see Bartko et al. 2009) for 82 bona fide early-type
stars (mK < 14) with projected distances between 3.!!5 and 15!!. The disk
positions of Paumard et al. (2006) are marked with full black circles. There are
two extended excesses visible for clockwise and counterclockwise stars, with
maximum significances of 8.2" and 7.1" , respectively. We attribute these two
extended excess systems as two warped systems of stars.
(A color version of this figure is available in the online journal.)

4.3. Orbital Angular Momentum Directions

Figure 4 shows the distributions of the reconstructed angular
differences from the local average angular momentum direction
of the clockwise system, as defined in Bartko et al. (2009),
for the early-type stars with projected distances between 0.!!8
and 12!!. The three distributions correspond to different K-band
luminosities: mK < 14, 14 ! mK ! 15, and mK > 15. The
peak at small angles corresponds to the clockwise system: 50
out of 110 stars with mK < 14 have offsets below 20% and 8
out of 15 stars with 14 ! mK ! 15 have offsets below 20%.
In contrast, only 1 out of 11 stars fainter than mK = 15 is
compatible with the clockwise disk. This may be an indication
that most of the few later B-dwarfs observed in the region of the
disks do not belong to the clockwise system but rather to the
background population seen at projected distances beyond 12!!,
which has a more standard IMF.

According to Figure 2, the clockwise system of massive early-
type stars is best defined in the radial range between 0.!!8 and 10!!

and has a steep surface density distribution. However, most of
the counterclockwise stars reside in the range between 3.!!5 and
15!!, where we have added considerable SINFONI sky coverage
compared to the study of Bartko et al. (2009). In order to test for
the existence of a significant system of counterclockwise stars,
we have computed a sky significance map of angular momentum
overdensities for all bona fide early-type stars (mK < 14) with
projected distances between 3.!!5 and 15!!, see Figure 5. For the
technical details see Bartko et al. (2009). There are two extended
excesses visible for clockwise and counterclockwise stars, with
maximum significances of 8.2" and 7.1" , respectively. These
maximum excesses are clearly offset from the positions found
at small projected distances (Paumard et al. 2006; Lu et al.
2009; Bartko et al. 2009) indicating that the two extended
excess systems are most probably two warped systems of
stars. We confirm a significant counterclockwise system of
stars.

Warping	  of	  the	  young	  stellar	  disk	  
(Bartko	  et	  al.	  ‘09;	  Kocsis	  &	  Tremaine	  ‘11)	  



Extreme	  mass-‐ra.o	  inspirals	  

Standard relaxational
process

Tidal separation

a (1 ! e)

The	   inspiral	  of	  BHs	   into	  MBHs	  
is	  as	  a	  promising	  source	  of	  GW	  
for	  eLISA	  (Sigurdsson	  and	  Rees	  	  
‘97,	   Barack	   &	   Culter	   ‘04	  
Amaro-‐Seoane	  et	  al.	  ‘12)	  
	  
The	   inspiral	   rates	   are	   highly	  
dependent	   on	   the	   number	   of	  
BHs	  near	  the	  center	  of	  galaxies	  
(e.g.,	  MerriU	  ‘10)	  	  

Amaro-‐Seoane	  ‘13	  



	   	  The	  density	  distribu.on	  of	  late	  type	  stars	  	  

Theore.cal	  (dynamically	  
relaxed)	  models	  

	  	  	  steep	  density	  cusp	  
	  	  	  
The	  BHs	  dominate	  within	  0.1pc	  

Hopman	  &	  Alexander	  (2006)	  

Observed	  distribu.on	  

flat	  core	  or	  shallow	  cusp!!	  
late	  type	  stars	  

Young	  stars	  

Buchholz+(2009)	  

	  	  	   	  (Bahcall	  &	  Wolf	  ‘76)	  

	  	  	  	  	  (Buchholz+’09;	  Do+	  ‘09,	  ‘13;	  Bartko+	  ‘09)	  
	  
core	  radius	  ≈	  0.5pc	  
only	  the	  young	  stars	  have	  a	  density	  cusp	  	  
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FIG. 3.— Relaxation time vs. radius at the Galactic center. Curves on
the left (green filled region) assume the mass density of eq. (10) with three
normalizations, such that the total (distributed) mass within 1 pc is M̃! !
M!(< 1pc)/M" = (0.5,1.0,1.5)# 106 ; the M̃! = 1.0# 106 model is shown
as the heavy line. Curves on the right (blue filled region) assume ρ ∝ r$1.8 at
all radii with various values for the normalizing density at one parsec, ρ0 =
(0.75,1.5,3)#105M"pc$3; the ρ0 = 1.5#105M"pc$3 (preferred) model is
shown with the heavy line. Vertical tick mark is the SMBH influence radius
computed using σ(r) from the preferred model.

Using the preferred density model with ρ̃ = 1.5, one finds
rinfl % 2.5 pc. The relaxation time at r % rinfl is a reasonable
estimate of the time scale over which gravitational encounters
can change the gross properties of the core. Figure 3 shows
that the relaxation time at rinfl is &> 2$ 3# 1010 yr.
The estimates of tr in Figure 3 assume a single population

of 1M" stars. In reality the Galactic center contains a range
of mass groups, each of which might have a different veloc-
ity distribution. Given the relatively long relaxation time, a
natural case to consider is a distribution of stellar masses, all
of which have the same velocity dispersion at every radius.
Equation (8) becomes in this case

tr=
0.33σ3

ρm̃G lnΛ
, (15a)

m̃=

!
N(m)m2dm!
N(m)mdm

(15b)

and N(m)dm is the number of stars with masses in the range
m to m+ dm (e.g. Merritt 2004). Since equation (8) was de-
rived from the diffusion coefficient '(Δv()2) describing grav-
itational scattering, equation (15a) is properly interpreted as
the time for a test star’s velocity to be randomized by encoun-
ters with more massive objects. Making standard assumptions
about the initial mass function gives m̃% 1M" (Merritt 2004);
if the density is dominated locally by stellar black holes then
m̃ % mBH % 10M". It has been argued that m̃ may be even
larger outside the central few parsecs due to giant molecular
clouds (Perets et al. 2007).

3. MAKING A CORE

The classical model for a core (e.g. Tremaine 1997) is a re-
gion of constant gravitational potential φ and constant phase-
space density f near the center of a galaxy. If the central
potential is dominated by a SMBH, φ(r) % $GM•/r and a
constant f translates into a steeply-rising ρ:

ρ=
"
f d3v ∝ f

" *
$2φ(r)

0
v2dv ∝ f ($2φ)3/2 ∝ r$3/2 (16)

inside & rinfl (Peebles 1972), inconsistent with the observed
distribution.
The Galactic center has a core of size& 0.5 pc, smaller than

rinfl % 2.5 pc (Figs. 1, 3) so equation (16) would apply in this
region. Making a core similar to the observed core therefore
requires a reduction in the value of f on orbits that pass inside
& 0.5 pc.
There are of course many ways to do this. Given that the

number counts do not strongly constrain the form of n(r)
within the core (Fig. 2), we choose not to solve the inverse
problem n+ f . Instead, we focus on two simple core mod-
els, both motivated by physical arguments, that are consistent
with the number count data.
The starting point is a power-law density of stars at all radii

around the SMBH, ρi ∝ r$γ, 0 , r , ∞. For definiteness, we
normalize the density of this initial (i.e. coreless) model to be

ρi(r) = 1.5# 105
!

r
1pc

"$1.8
M"pc$3 (17)

and we assume ni(r) ∝ ρi(r). (The latter assumption will
be relaxed in §5.) Equation (17) is just equation (12) with
ρ̃ = 1.5. The normalizing constant is similar to what vari-
ous authors have derived in the past for the mass density at 1
pc; e.g. ρ̃ % 1.8 (Genzel et al. 2003), ρ̃ % 2.0 (Schödel et al.
2007) etc. The exact normalization is not critical in what fol-
lows: it serves mostly to fix the relaxation time, and as Fig-
ure 3 shows, tr in the region of interest is weakly dependent
on the density normalization. We show below that our “pre-
ferred” value of ρ̃ gives a good fit to the observed stellar ve-
locities at r % rinfl.
The stellar mass implied by this model inside one parsec

is & 1.6# 106M". This is the mass before the core has
been carved out; for consistency, this mass should exceed
the dynamically inferred (distributed) mass inside one par-
sec, & 1± 0.5# 106M" (Schödel et al. 2009), and it does. At
the same time, the proper motion data are consistent with the
mass implied by the unmodified power law model, so we can
not robustly infer the presence of a core in the Galactic center
mass distribution from the proper motion data alone.
The gravitational potential generated by ρi(r), including the

contribution from the SMBH, can be written
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GM•
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1$ ro
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(19)

where r0 is a fiducial radius, taken in what follows to be 1
pc,M0 = 106M̃!M" is the distributed mass inside r0, and γ=
1.8. The isotropic distribution function fi(E) corresponding
to the pair of functions (ρi,φ) can be derived numerically from
Eddington’s (1916) formula:

fi(E) =
1
m

1*
8π2

d
dE

" E

φ(r)

dρi
dφ

dφ*
E$φ

(20)
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FIG. 1.— Evolution of stellar mass within 0.1 rh from the MBH, for light (3
upper panels) and heavy (3 lower panels) components. Noisy curves are from
N-body integrations; smooth curves are from the Fokker-Planck evolution.

isotropic, Fokker-Planck equation in energy space is defined,
for each component (Spitzer 1987; Chernoff & Weinberg
1990), by
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In this equation, i, j run from 1 to Nc (the number of mass
components), µi = mi/m! where m! = 1/N is a reference
mass. p(E) = 4

' rmax(E)
0 dr r2

"
2(E −"(r)) = −!q/!E is the

phase-space accessible to each (bound) star of specific energy
E = −v2/2+"(r)> 0 (Spitzer 1987), and the total gravitational
potential "(r) is the sum of the contribution from the nuclear
cluster plus the hole. During our simulations, the stellar dis-
tribution and its resulting gravitational potential change sub-
stantially inside rh only—the region over which the MBH’s
potential is dominant—so we keep the contribution from the
stars to total "(r) fixed throughout. This system of FP equa-
tions treats self-consistently both dynamical friction and two-
body scattering between all components, without any further
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FIG. 2.— The mass density profiles around the MBHs for both components
at the end of the integrations. N-body and Fokker-Planck curves are super-
imposed for comparison. Left panels show !L(r) for the light component;
right panels show !H (r) for heavy component. The arrows signal the location
of 0.1rh and rh radii. These plots highlight the asymptotic solution of both
methods is in good agreement and !H ! r−!H , where "H decreases from val-
ues! 2 down to ! 7/4 while moving from the strong to the weak branch of
the solution.
approximations other than those inherent to the FP formalism.
In contrast with Merritt (2009), our treatment is not limited
to early evolution where the heavy component is just a small
perturbation on the (time evolving and dominant in number)
light component. As a result, we can follow both weak and
strong branches of the solution throughout without restriction.
We solve the FP equations (2, 3) using the Chang & Cooper
(1970) integration scheme.

4. RESULTS
The density of stars around the MBH increases as the cusp

grows for both light and heavy components until it reaches a
quasi-steady state; afterwards, the lights start to slowly ex-
pand. This can be seen in Figure 1, where the mass in-
side a sphere of 0.1rh, centered on the MBH, is depicted
as a function of time. This distance is measured with re-
spect to the instantaneous position of the MBH. Both curves
from FP and NB are shown together for three different runs
with # = 0.08,0.23 corresponding to strong segregation and
# = 13.2 to weak segregation branches. The time scaling
between NB and FP is related through TFPrlx = ln!/N TNBrlx ,
and no further adjustements were made. In the three cases
shown (as in all others cases tested but not shown), the agree-
ment between both methods is very good, although there is
a noticeable tendency for the heavy particles in the NB runs
to segregate more strongly in the central cusp—this is espe-
cially the case in the strong branch. Figure 1 also suggests
that a quasi-steady state (and maximum central concentra-
tion) have been reached by the end of the runs correspond-
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FIG. 1.— Evolution of stellar mass within 0.1 rh from the MBH, for light (3
upper panels) and heavy (3 lower panels) components. Noisy curves are from
N-body integrations; smooth curves are from the Fokker-Planck evolution.

isotropic, Fokker-Planck equation in energy space is defined,
for each component (Spitzer 1987; Chernoff & Weinberg
1990), by
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In this equation, i, j run from 1 to Nc (the number of mass
components), µi = mi/m! where m! = 1/N is a reference
mass. p(E) = 4
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2(E −"(r)) = −!q/!E is the

phase-space accessible to each (bound) star of specific energy
E = −v2/2+"(r)> 0 (Spitzer 1987), and the total gravitational
potential "(r) is the sum of the contribution from the nuclear
cluster plus the hole. During our simulations, the stellar dis-
tribution and its resulting gravitational potential change sub-
stantially inside rh only—the region over which the MBH’s
potential is dominant—so we keep the contribution from the
stars to total "(r) fixed throughout. This system of FP equa-
tions treats self-consistently both dynamical friction and two-
body scattering between all components, without any further
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methods is in good agreement and !H ! r−!H , where "H decreases from val-
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approximations other than those inherent to the FP formalism.
In contrast with Merritt (2009), our treatment is not limited
to early evolution where the heavy component is just a small
perturbation on the (time evolving and dominant in number)
light component. As a result, we can follow both weak and
strong branches of the solution throughout without restriction.
We solve the FP equations (2, 3) using the Chang & Cooper
(1970) integration scheme.

4. RESULTS
The density of stars around the MBH increases as the cusp

grows for both light and heavy components until it reaches a
quasi-steady state; afterwards, the lights start to slowly ex-
pand. This can be seen in Figure 1, where the mass in-
side a sphere of 0.1rh, centered on the MBH, is depicted
as a function of time. This distance is measured with re-
spect to the instantaneous position of the MBH. Both curves
from FP and NB are shown together for three different runs
with # = 0.08,0.23 corresponding to strong segregation and
# = 13.2 to weak segregation branches. The time scaling
between NB and FP is related through TFPrlx = ln!/N TNBrlx ,
and no further adjustements were made. In the three cases
shown (as in all others cases tested but not shown), the agree-
ment between both methods is very good, although there is
a noticeable tendency for the heavy particles in the NB runs
to segregate more strongly in the central cusp—this is espe-
cially the case in the strong branch. Figure 1 also suggests
that a quasi-steady state (and maximum central concentra-
tion) have been reached by the end of the runs correspond-
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N-body integrations; smooth curves are from the Fokker-Planck evolution.

isotropic, Fokker-Planck equation in energy space is defined,
for each component (Spitzer 1987; Chernoff & Weinberg
1990), by
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In this equation, i, j run from 1 to Nc (the number of mass
components), µi = mi/m! where m! = 1/N is a reference
mass. p(E) = 4

' rmax(E)
0 dr r2
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2(E −"(r)) = −!q/!E is the

phase-space accessible to each (bound) star of specific energy
E = −v2/2+"(r)> 0 (Spitzer 1987), and the total gravitational
potential "(r) is the sum of the contribution from the nuclear
cluster plus the hole. During our simulations, the stellar dis-
tribution and its resulting gravitational potential change sub-
stantially inside rh only—the region over which the MBH’s
potential is dominant—so we keep the contribution from the
stars to total "(r) fixed throughout. This system of FP equa-
tions treats self-consistently both dynamical friction and two-
body scattering between all components, without any further

-4

-2

0

2

4

6

-1.5

FP
NB

-2.1

Δ = 0.08

-4

-2

0

2

4

lo
g

1
0
ρ(

r)

-1.5 -2

Δ = 0.23

-4

-2

0

2

4

-4 -3 -2 -1 0 1

r

-1.5

-3 -2 -1 0 1

r

-1.8

Δ = 13.2

FIG. 2.— The mass density profiles around the MBHs for both components
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of 0.1rh and rh radii. These plots highlight the asymptotic solution of both
methods is in good agreement and !H ! r−!H , where "H decreases from val-
ues! 2 down to ! 7/4 while moving from the strong to the weak branch of
the solution.
approximations other than those inherent to the FP formalism.
In contrast with Merritt (2009), our treatment is not limited
to early evolution where the heavy component is just a small
perturbation on the (time evolving and dominant in number)
light component. As a result, we can follow both weak and
strong branches of the solution throughout without restriction.
We solve the FP equations (2, 3) using the Chang & Cooper
(1970) integration scheme.

4. RESULTS
The density of stars around the MBH increases as the cusp

grows for both light and heavy components until it reaches a
quasi-steady state; afterwards, the lights start to slowly ex-
pand. This can be seen in Figure 1, where the mass in-
side a sphere of 0.1rh, centered on the MBH, is depicted
as a function of time. This distance is measured with re-
spect to the instantaneous position of the MBH. Both curves
from FP and NB are shown together for three different runs
with # = 0.08,0.23 corresponding to strong segregation and
# = 13.2 to weak segregation branches. The time scaling
between NB and FP is related through TFPrlx = ln!/N TNBrlx ,
and no further adjustements were made. In the three cases
shown (as in all others cases tested but not shown), the agree-
ment between both methods is very good, although there is
a noticeable tendency for the heavy particles in the NB runs
to segregate more strongly in the central cusp—this is espe-
cially the case in the strong branch. Figure 1 also suggests
that a quasi-steady state (and maximum central concentra-
tion) have been reached by the end of the runs correspond-
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Figure 13. Time evolution of the stellar mass enclosed in the MBH influence sphere, for each species, in the post-merger models.

Figure 14. Density profiles for MS stars and BHs at different times (0.2, 0.5, 1, 2, 3) Tr during the post-merger phase. Thick solid lines indicate profiles at the beginning
of the post-merger phase. Dotted lines indicate rm.

12

Preto	  and	  Amaro-‐Seoane	  ‘10:	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
Gualandris	  and	  MerriU	  ‘12:	  
“Adding	  a	  heavy	  component	  has	  rela.vely	  
liUle	   effect	   on	   the	   growth	   of	   a	   Bahcall-‐
Wolf	  cusp	  in	  the	  MS	  component”	  

MS	   BHs	  

BHs	  MS	  

Ti
m
e	  

Distribu(ons	  a-er	  0.2Trelax	  

Distribu(ons	  a-er	  3Trelax	  



Mass	  Segrega.on	  at	  the	  Galac.c	  center	  

The	  regrowth	  of	  a	  stellar	  cusp	  can	  take	  more	  than	  one	  Hubble	  .me	  
	  
Mass	   segrega.on	   is	   slow:	   amer	  10Gyr	   the	  density	  of	  BHs	   remains	  
below	  that	  of	  stars	  at	  all	  radii	  
	  

(Antonini	  ‘14)	  
	  

stellar remnants around massive black holes 3

Fig. 1.— Top panels show the Lagrangian radii for the four stellar
species during the N -body simulations with BH number fractions:
fbh = 10!3 (left panels) and fbh = 5 ! 10!3 (right panels). Top
tick-marks give times after scaling to the Milky Way; we adopted
a relaxation time at the Sgr A* influence radius of 25 Gyr (e.g.,
Merritt 2010). Bottom panels show the density profile of stars and
BHs at t = (0, 2.5, 5, 7.5, 10)Gyr; central density increases with
time. Clearly, even after a time of order 10 Gyr, the distribution of
stars and BHs in our models can be very di!erent from the relaxed
multi-mass models that are often used to describe the center of
galaxies. Vertical line marks the MBH influence radius.

previous papers (e.g., Freitag et al. 2006; Hopman &
Alexander 2006; Merritt 2010). We specify the mass
ratio, mwd/m! = 0.6, mns/m! = 1.4, mbh/m! = 10,
between the mass group particles and respective number
fractions, fwd = Nwd/N!, fns = Nns/N!, fbh = Nbh/N!.
Number counts of the old stellar population at the GC

are consistent with a density profile of stars that is flat or
slowly rising toward the MBH inside its sphere of influ-
ence and within a radius of roughly ! 0.5 pc (Buchholz
et al. 2009; Do et al. 2009; Bartko et al. 2010). Outside
this radius the density falls o! as r!2. Merritt (2010)
showed that a core of size ! 0.5 pc is a natural conse-
quence of two-body relaxation acting over 10 Gyr, start-
ing from a core of radius ! 1 pc. It is therefore of interest
to study the evolution of the BH distribution for a time
of order the age of the Galaxy and starting from a den-
sity distribution with a parsec-scale core. We adopt the
truncated broken-power-law model:

!(r) = !0

!
r

r0

"!"i
#
1 +

!
r

r0

"#$("i!"e)/#

"(r/rcut) ,

(1)
were "(x) = 2

sech(x)+cosh(x) , # is a parameter that defines
the transition strength between inner and outer power
laws, r0 is the scale radius and rcut is the truncation ra-

dius of the model. The values adopted for these param-
eters were: r0 = 1.5pc, # = 4, $e = 1.8 and rcut = 6pc.
We included a central MBH of mass M• = 4 " 106 M"
and generated the models N -body representations via
numerically calculated distribution functions. The cen-
tral slope was set to $i = 0.6, the smallest density slope
index consistent with an isotropic distribution for the
adopted density model and potential.
The normalizing factor !0 was chosen in such a way

that the corresponding density profile reproduces the
coreless density model:

!(r) = 1.5" 105
!

r

1pc

"!1.8

M"pc
!3 (2)

outside the core. This choice of normalizing constant
gives a mass density at 1 pc similar to what it is inferred
from observations (e.g., Oh et al. 2009), and gives a total
mass in stars within this radius of ! 1.6" 106 M". The
fact that our models are directly scalable to the observed
stellar density distribution of stars at the GC is impor-
tant if we want to draw conclusions about the current
dynamical state of stars and BHs at the GC. We note, for
example, that the merger models of Gualandris & Mer-
ritt (2012) had core radii that were substantially larger
than the MBH influence radius. As also noted by these
authors, this simple fact precluded a unique scaling of
their models to the Milky Way – at least in the Galaxy’s
current state in which the stellar core size (! 0.5 pc) is
much smaller than the Sgr A* influence radius (! 3 pc).
We run three simulations with N = 132k particles.

These simulations di!er with each other by the adopted
number fractions of the four mass groups: (i) fwd =
fns = fbh = 0; (ii) fwd = 10!1, fns = 10!2, fbh = 10!3;
(iii) fwd = 2 " 10!1, fns = 2 " 10!2, fbh = 5 " 10!3.
The latter two set of values correspond roughly to the
number fractions expected from a standard and from a
top-heavy initial mass function respectively. A fraction
fbh = 10!3 is what expected for a standard (Kroupa-
like) initial mass function which we consider as our fidu-
cial choice – a canonical IMF results in a mass-to-light
ratio and a total mass of BHs consistent with the observa-
tions (Löckmann et al. 2010). We evolved these systems
for a time equal to the relaxation time, Trinfl , computed
at the sphere of influence of the MBH. The relaxation
time was evaluated using the expression (Spitzer 1987):

Tr =
0.34%(r)3

G2 < m > ln"!(r)
(3)

with ! the total local mass density, and < m > the aver-
age particle mass. For the Coulomb logarithm we used
ln" = ln

%
rinfl%2/2Gm!

&
# 10, with % the 1d velocity

dispersion outside rinfl = GM•/%2.
To scale the N$body time length to the Milky Way

we consider that the relaxation time at the influence ra-
dius of Sgr A*, rinfl # 3pc, is Trinfl # 25 Gyr, assuming
a stellar mass of 1M" (Merritt 2010; Antonini & Mer-
ritt 2012). Thus, when scaling to the GC, a time of
0.4Trinfl corresponds to roughly 10 Gyr.
We evolved the initial conditions with the direct

N$body integrator &GRAPEch (Harfst et al. 2008).
The code implements a fourth-order Hermite integrator
with a predictor-corrector scheme and hierarchical time
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Fig. 1.— Top panels show the Lagrangian radii for the four stellar
species during the N -body simulations with BH number fractions:
fbh = 10!3 (left panels) and fbh = 5 ! 10!3 (right panels). Top
tick-marks give times after scaling to the Milky Way; we adopted
a relaxation time at the Sgr A* influence radius of 25 Gyr (e.g.,
Merritt 2010). Bottom panels show the density profile of stars and
BHs at t = (0, 2.5, 5, 7.5, 10)Gyr; central density increases with
time. Clearly, even after a time of order 10 Gyr, the distribution of
stars and BHs in our models can be very di!erent from the relaxed
multi-mass models that are often used to describe the center of
galaxies. Vertical line marks the MBH influence radius.

previous papers (e.g., Freitag et al. 2006; Hopman &
Alexander 2006; Merritt 2010). We specify the mass
ratio, mwd/m! = 0.6, mns/m! = 1.4, mbh/m! = 10,
between the mass group particles and respective number
fractions, fwd = Nwd/N!, fns = Nns/N!, fbh = Nbh/N!.
Number counts of the old stellar population at the GC

are consistent with a density profile of stars that is flat or
slowly rising toward the MBH inside its sphere of influ-
ence and within a radius of roughly ! 0.5 pc (Buchholz
et al. 2009; Do et al. 2009; Bartko et al. 2010). Outside
this radius the density falls o! as r!2. Merritt (2010)
showed that a core of size ! 0.5 pc is a natural conse-
quence of two-body relaxation acting over 10 Gyr, start-
ing from a core of radius ! 1 pc. It is therefore of interest
to study the evolution of the BH distribution for a time
of order the age of the Galaxy and starting from a den-
sity distribution with a parsec-scale core. We adopt the
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laws, r0 is the scale radius and rcut is the truncation ra-

dius of the model. The values adopted for these param-
eters were: r0 = 1.5pc, # = 4, $e = 1.8 and rcut = 6pc.
We included a central MBH of mass M• = 4 " 106 M"
and generated the models N -body representations via
numerically calculated distribution functions. The cen-
tral slope was set to $i = 0.6, the smallest density slope
index consistent with an isotropic distribution for the
adopted density model and potential.
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outside the core. This choice of normalizing constant
gives a mass density at 1 pc similar to what it is inferred
from observations (e.g., Oh et al. 2009), and gives a total
mass in stars within this radius of ! 1.6" 106 M". The
fact that our models are directly scalable to the observed
stellar density distribution of stars at the GC is impor-
tant if we want to draw conclusions about the current
dynamical state of stars and BHs at the GC. We note, for
example, that the merger models of Gualandris & Mer-
ritt (2012) had core radii that were substantially larger
than the MBH influence radius. As also noted by these
authors, this simple fact precluded a unique scaling of
their models to the Milky Way – at least in the Galaxy’s
current state in which the stellar core size (! 0.5 pc) is
much smaller than the Sgr A* influence radius (! 3 pc).
We run three simulations with N = 132k particles.

These simulations di!er with each other by the adopted
number fractions of the four mass groups: (i) fwd =
fns = fbh = 0; (ii) fwd = 10!1, fns = 10!2, fbh = 10!3;
(iii) fwd = 2 " 10!1, fns = 2 " 10!2, fbh = 5 " 10!3.
The latter two set of values correspond roughly to the
number fractions expected from a standard and from a
top-heavy initial mass function respectively. A fraction
fbh = 10!3 is what expected for a standard (Kroupa-
like) initial mass function which we consider as our fidu-
cial choice – a canonical IMF results in a mass-to-light
ratio and a total mass of BHs consistent with the observa-
tions (Löckmann et al. 2010). We evolved these systems
for a time equal to the relaxation time, Trinfl , computed
at the sphere of influence of the MBH. The relaxation
time was evaluated using the expression (Spitzer 1987):

Tr =
0.34%(r)3

G2 < m > ln"!(r)
(3)

with ! the total local mass density, and < m > the aver-
age particle mass. For the Coulomb logarithm we used
ln" = ln

%
rinfl%2/2Gm!

&
# 10, with % the 1d velocity

dispersion outside rinfl = GM•/%2.
To scale the N$body time length to the Milky Way

we consider that the relaxation time at the influence ra-
dius of Sgr A*, rinfl # 3pc, is Trinfl # 25 Gyr, assuming
a stellar mass of 1M" (Merritt 2010; Antonini & Mer-
ritt 2012). Thus, when scaling to the GC, a time of
0.4Trinfl corresponds to roughly 10 Gyr.
We evolved the initial conditions with the direct

N$body integrator &GRAPEch (Harfst et al. 2008).
The code implements a fourth-order Hermite integrator
with a predictor-corrector scheme and hierarchical time
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Fig. 1.— Top panels show the Lagrangian radii for the four stellar
species during the N -body simulations with BH number fractions:
fbh = 10!3 (left panels) and fbh = 5 ! 10!3 (right panels). Top
tick-marks give times after scaling to the Milky Way; we adopted
a relaxation time at the Sgr A* influence radius of 25 Gyr (e.g.,
Merritt 2010). Bottom panels show the density profile of stars and
BHs at t = (0, 2.5, 5, 7.5, 10)Gyr; central density increases with
time. Clearly, even after a time of order 10 Gyr, the distribution of
stars and BHs in our models can be very di!erent from the relaxed
multi-mass models that are often used to describe the center of
galaxies. Vertical line marks the MBH influence radius.

previous papers (e.g., Freitag et al. 2006; Hopman &
Alexander 2006; Merritt 2010). We specify the mass
ratio, mwd/m! = 0.6, mns/m! = 1.4, mbh/m! = 10,
between the mass group particles and respective number
fractions, fwd = Nwd/N!, fns = Nns/N!, fbh = Nbh/N!.
Number counts of the old stellar population at the GC

are consistent with a density profile of stars that is flat or
slowly rising toward the MBH inside its sphere of influ-
ence and within a radius of roughly ! 0.5 pc (Buchholz
et al. 2009; Do et al. 2009; Bartko et al. 2010). Outside
this radius the density falls o! as r!2. Merritt (2010)
showed that a core of size ! 0.5 pc is a natural conse-
quence of two-body relaxation acting over 10 Gyr, start-
ing from a core of radius ! 1 pc. It is therefore of interest
to study the evolution of the BH distribution for a time
of order the age of the Galaxy and starting from a den-
sity distribution with a parsec-scale core. We adopt the
truncated broken-power-law model:
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were "(x) = 2

sech(x)+cosh(x) , # is a parameter that defines
the transition strength between inner and outer power
laws, r0 is the scale radius and rcut is the truncation ra-

dius of the model. The values adopted for these param-
eters were: r0 = 1.5pc, # = 4, $e = 1.8 and rcut = 6pc.
We included a central MBH of mass M• = 4 " 106 M"
and generated the models N -body representations via
numerically calculated distribution functions. The cen-
tral slope was set to $i = 0.6, the smallest density slope
index consistent with an isotropic distribution for the
adopted density model and potential.
The normalizing factor !0 was chosen in such a way

that the corresponding density profile reproduces the
coreless density model:
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outside the core. This choice of normalizing constant
gives a mass density at 1 pc similar to what it is inferred
from observations (e.g., Oh et al. 2009), and gives a total
mass in stars within this radius of ! 1.6" 106 M". The
fact that our models are directly scalable to the observed
stellar density distribution of stars at the GC is impor-
tant if we want to draw conclusions about the current
dynamical state of stars and BHs at the GC. We note, for
example, that the merger models of Gualandris & Mer-
ritt (2012) had core radii that were substantially larger
than the MBH influence radius. As also noted by these
authors, this simple fact precluded a unique scaling of
their models to the Milky Way – at least in the Galaxy’s
current state in which the stellar core size (! 0.5 pc) is
much smaller than the Sgr A* influence radius (! 3 pc).
We run three simulations with N = 132k particles.

These simulations di!er with each other by the adopted
number fractions of the four mass groups: (i) fwd =
fns = fbh = 0; (ii) fwd = 10!1, fns = 10!2, fbh = 10!3;
(iii) fwd = 2 " 10!1, fns = 2 " 10!2, fbh = 5 " 10!3.
The latter two set of values correspond roughly to the
number fractions expected from a standard and from a
top-heavy initial mass function respectively. A fraction
fbh = 10!3 is what expected for a standard (Kroupa-
like) initial mass function which we consider as our fidu-
cial choice – a canonical IMF results in a mass-to-light
ratio and a total mass of BHs consistent with the observa-
tions (Löckmann et al. 2010). We evolved these systems
for a time equal to the relaxation time, Trinfl , computed
at the sphere of influence of the MBH. The relaxation
time was evaluated using the expression (Spitzer 1987):
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with ! the total local mass density, and < m > the aver-
age particle mass. For the Coulomb logarithm we used
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dispersion outside rinfl = GM•/%2.
To scale the N$body time length to the Milky Way

we consider that the relaxation time at the influence ra-
dius of Sgr A*, rinfl # 3pc, is Trinfl # 25 Gyr, assuming
a stellar mass of 1M" (Merritt 2010; Antonini & Mer-
ritt 2012). Thus, when scaling to the GC, a time of
0.4Trinfl corresponds to roughly 10 Gyr.
We evolved the initial conditions with the direct

N$body integrator &GRAPEch (Harfst et al. 2008).
The code implements a fourth-order Hermite integrator
with a predictor-corrector scheme and hierarchical time

	  	  	  	  	  	  	  	  	  Standard	  IMF 	   	   	   	  	  	  Top	  Heavy	  IMF 	  	  

Phase	  2	   Phase	  2	   (Antonini	  ‘14)	  

	  
	  
TWO	  PHASES	  OF	  MASS	  SEGREGATION:	  
	  
1)  THE	   DENSITY	   OF	   BHS	   IS	   SMALLER	   THAN	   THE	   DENSITY	   OF	   STARS:	   dynamical	   fric.on	   drives	   the	  

inspiral	  	  

2)  THE	  BHS	  DENSITY	  	  BECOMES	  LARGER	  THAN	  	  THE	  DENSITY	  OF	  STARS:	  	  self-‐scaUering	  of	  the	  BHs	  and	  
scaUering	  of	  the	  MS	  off	  the	  BH	  popula.on	  becomes	  the	  dominant	  process	  

	  
	  



4 Antonini

Fig. 2.— Evolution of the density slope, ! ! "d log "/d log r, of the main-sequence density profile in multi mass N"body mod-
els (central and right panels), compared to a model with only one mass component (left panel). The continue curves show profiles at
(0.2, 0.4, 0.6, 0.8, 1) # Trinfl ; increasing line width corresponds to increasing time. The dashed curve corresponds to the initial model.
Adding a BH component accelerates the growth of a density cusp in the stellar component. Note, however, that the time to regrow a cusp
is longer than $ 0.4Trinfl , roughly one Hubble time when our models are scaled to the Milky Way.

Fig. 3.— Evolution of the fbh = 0 model Lagrangian radii and
density profile. In the bottom panel the density profile is plotted at
t = (0, 5, 10, 15, 20, 25)Gyr of evolution. The blue-dashed curves
give the evolution of Lagrangian radii of the fbh = 10!3 model,
and, in the bottom panel, its density profile at t = (0, 5, 10)Gyr.
Over a time of order 10 Gyr the evolution of the density profile of
stars in the fbh = 10!3 model is not much a!ected by the presence
of the BHs. Vertical line gives the MBH influence radius.

stepping. The code combines hardware-accelerated com-
putation of pairwise interparticle forces (using the Sap-
poro library which emulates the GRAPE interface uti-
lizing GPU boards, Gaburov et. al. 2009) with a high-
accuracy chain regularization algorithm to follow the dy-
namical interactions of field particles with the central
MBH particle. The chain radius was set to 10!2pc and
we use a softening ! = 10!6 pc. The relative error in total
energy was typically ! 10!4 for the accuracy parameter
" = 0.01.
Figure 1 shows the evolution of the N -body models

over one relaxation time. The heavy particles segregate
to the center owing dynamical friction. After the central
mass density of BHs becomes comparable to the density
in the other species, the evolution of the BH popula-
tion starts being dominated by BH-BH self interactions;
at the same time the lighter species evolve in response
to dynamical heating from the BHs, which causes the
local stellar densities to decrease and Lagrangian radii
to expand. As shown below, the same heating rapidly
converts the initial density profile into a steeply rising
density cusp with slope, # " #d log $/d log r $ 3/2. The
inclusion of a BH population has therefore two e!ects on
the main sequence population: it lowers the stellar den-
sities and at the same time it accelerates the evolution
of the density of stars toward the # = 3/2 steady-state
form.
The lower panels of Figure 1 displays the density profile

of stars and BHs over 10 Gyr of evolution. These plots
show that: (1) after ! 10Gyr, starting from standard
initial mass functions, the density of BHs can remain
well below the density of stars at all radii; (2) even af-
ter 10 Gyr of evolution, the density distribution of stars
looks very di!erent from what expected for a dynamically
relaxed population around a MBH. These findings are
in agreement with the Fokker-Plank simulations of Mer-
ritt (2010) but in contrast with more recent claims that
mass segregation can rebuild a stellar cusp in a relatively
small fraction of the Hubble time (e.g., Preto & Amaro-
Seoane (2010), and the Introduction of Amaro-Seoane
& Xian (2013)). Figure 2 displays the evolution of the
radial profile of the density profile slope. Comparing the
evolution observed in models with and without BHs we
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stepping. The code combines hardware-accelerated com-
putation of pairwise interparticle forces (using the Sap-
poro library which emulates the GRAPE interface uti-
lizing GPU boards, Gaburov et. al. 2009) with a high-
accuracy chain regularization algorithm to follow the dy-
namical interactions of field particles with the central
MBH particle. The chain radius was set to 10!2pc and
we use a softening ! = 10!6 pc. The relative error in total
energy was typically ! 10!4 for the accuracy parameter
" = 0.01.
Figure 1 shows the evolution of the N -body models

over one relaxation time. The heavy particles segregate
to the center owing dynamical friction. After the central
mass density of BHs becomes comparable to the density
in the other species, the evolution of the BH popula-
tion starts being dominated by BH-BH self interactions;
at the same time the lighter species evolve in response
to dynamical heating from the BHs, which causes the
local stellar densities to decrease and Lagrangian radii
to expand. As shown below, the same heating rapidly
converts the initial density profile into a steeply rising
density cusp with slope, # " #d log $/d log r $ 3/2. The
inclusion of a BH population has therefore two e!ects on
the main sequence population: it lowers the stellar den-
sities and at the same time it accelerates the evolution
of the density of stars toward the # = 3/2 steady-state
form.
The lower panels of Figure 1 displays the density profile

of stars and BHs over 10 Gyr of evolution. These plots
show that: (1) after ! 10Gyr, starting from standard
initial mass functions, the density of BHs can remain
well below the density of stars at all radii; (2) even af-
ter 10 Gyr of evolution, the density distribution of stars
looks very di!erent from what expected for a dynamically
relaxed population around a MBH. These findings are
in agreement with the Fokker-Plank simulations of Mer-
ritt (2010) but in contrast with more recent claims that
mass segregation can rebuild a stellar cusp in a relatively
small fraction of the Hubble time (e.g., Preto & Amaro-
Seoane (2010), and the Introduction of Amaro-Seoane
& Xian (2013)). Figure 2 displays the evolution of the
radial profile of the density profile slope. Comparing the
evolution observed in models with and without BHs we
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at the same time the lighter species evolve in response
to dynamical heating from the BHs, which causes the
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ter 10 Gyr of evolution, the density distribution of stars
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Figure 4. Fraction of stars F (< vcirc, r) moving more slowly than the local
circular velocity as a function of radius for ! = (0.6, 0.8, 1, 1.25, 1.5, 1.8).
When ! = 0.6, F is close to zero for r ! 0.1 pc. Hence, the frictional force
acting on a massive particle which moves on a circular orbit drops essentially
to zero at this radius.

at rst " 0.1 pc and consequently the dynamical-friction force
drops drastically at this radius (see Equation (18)). The stalling
observed in the orbital evolution for this value of ! is therefore
a consequence of the lack of slowly moving stars in the core.
However, the inspiral always continues into the very center since
F (< vcirc, r) > 0 everywhere.

For ! ! 0.6, the time required for dynamical friction to
bring a 103 M# black hole into the center, starting from a
galactocentric distance of a few parsecs, is shorter than the two-
body relaxation time evaluated at the SMBH influence radius
tr(rbh). On the other hand, the dynamical-friction force decreases
with the mass of the inspiraling object, and for M " 102 M# the
infall timescale can significantly exceed a Hubble time. Merritt
& Szell (2006) found that tr(rbh) is also approximately the
timescale over which gravitational encounters change an initial
density profile into the Bahcall–Wolf form, i.e., " $ r%1.75. We
conclude that for a black hole of mass M ! 103 M#, inspiral
will occur in a mass profile that is almost independent of time.
However, for ! " 0.6, the time required to reach a distance
"0.01 pc is still comparable with the local relaxation time. This
will result in a substantial evolution of the stellar background
during the orbital decay.

3.2. Eccentric Orbits

In the case of an isotropic distribution function f (E) de-
scribing a power-law density profile around a SMBH, if the
gravitational potential produced by the stars is ignored (i.e.,
E & %GM•/rbh), then

f (E) = 3 % !

8

!
2
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!(! + 1)
!(! % 1/2)

' M•

m

$
3/2
0
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" |E|
$0

#!%3/2

,

(23)
with $0 = GM•/rbh (Merritt 2012). For ! # 0.5, f (E) is
undefined and so ! ! 0.5 is the shallowest density profile
consistent with an isotropic velocity distribution around a
SMBH. In the case ! = 1.5, Equation (23) shows that the
distribution function is a constant (f (E) ( f0). If one writes

"(r)F (< v, r) = "(r)' 1
"(r)

4#

$ v

0
dv%v

2
%f0 = 4

3
#f0v

3 (24)

it can be immediately seen that the product "(r)F (< v, r) in
Equation (18) will be a function of v only (e.g., Just et al.
2011). Under these circumstances, the coefficient of dynamical
friction will have only a weak dependence on radius through
the Coulomb logarithm. It can be shown that, in this case, the
eccentricity of a massive body will remain unchanged during its
motion, while dynamical friction will either circularize the orbit
for ! > 1.5 or make it more eccentric for ! < 1.5 (Quinlan
1996; Gould & Quillen 2003).

To evaluate the eccentricity evolution of a massive particle
in response to Chandrasekhar’s dynamical-friction formula,
a numerical treatment is necessary. We therefore carried out
numerical integrations of the set of differential equations (20)
as described above, adopting as before Equations (14) and (21)
for the (fixed) stellar potential.

Figure 5 shows the results for M = 2'103 M#. The massive
particle was initially placed at r = 2.5 pc with a tangential
velocity of "0.36vcirc. With this initial configuration the body
penetrates the inner core after few obits. Different values of the
internal slope ! ranging from 1.8 to 0.6 were adopted. As a
proxy for the instantaneous orbital elements, we computed over
each radial period the largest and the smallest distance from the
origin (i.e., the SMBH) and defined these as the apoapsis rap
and periapsis rper, respectively. The eccentricity and semimajor
axis were then computed using the Keplerian expressions

e =
rap % rper

rap + rper
, a =

rap

1 + e
. (25)

The figure reveals a complex behavior of eccentricity on time.
For ! # 1.5 we distinguish three regimes. In phase I, the
eccentricity decreases (even for ! ! 1.5). The duration of
this phase is shorter for shallower profiles. After reaching a
minimum, the eccentricity then increases rapidly with time
(phase II). Finally, in phase III, the eccentricity either continues
to increase, but more slowly than in phase II, or remains constant
for ! = 1.5.

This evolution can be understood by considering the changes
of rap and rper with time. In phase I, the black hole periapsis is
close to the core radius, where the difference between the density
models is small. As a consequence, the eccentricity evolution
is nearly independent of ! and the orbits circularize. In phase
II, rper is well inside the core, where the smaller dynamical
friction results in a rapid eccentricity increase. Finally, in phase
III, the orbit lies entirely inside the core. As a consequence of
the declining dynamical friction at rap the eccentricity growth
slows down. As predicted, for ! = 1.5, the eccentricity remains
unchanged in this phase.

These results show that, in the presence of a flat (! " 1)
density profile, a second black hole found initially on an
eccentric orbit can acquire very large eccentricities ("1) before
entering the regime where relativistic effects become important.
In Section 6.2, we discuss in more detail how very large
eccentricities may modify the expectations for the gravitational
wave (GW) signal from massive black hole binaries for proposed
space-based interferometers.

In the first phase, when the periapsis is still outside the core,
the orbit evolves completely in the outer cusp (!e = 1.8).
Evolution in this regime could lead to a rapid circularization
before the black hole reaches the inner core. To quantify
the amount of circularization in this phase we computed a
further orbit in the model with ! = 0.8, adopting initially a
larger semimajor axis (a " 10 pc) and a smaller eccentricity
(e = 0.3). The results of this integration (Figure 6) show that
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see that a cusp in the main-sequence population devel-
ops earlier in models with BHs. Figure 2 shows that for
fbh = 10!3 and fbh = 5! 10!3 a stellar cusp only devel-
ops after " 0.6Trinfl and " 0.4Trinfl respectively. There-
fore over the timescales (10 Gyr) and radii (r ! 0.01pc)
of relevance, the inclusion of a BH population has little or
even no influence on the evolution of the lighter popula-
tions. This latter point is more clearly demonstrated in
Figure 3 which directly compares the Lagrangian radii
evolution of our fbh = 0 model with the fbh = 10!3

model. The stellar populations evolve similarly in the
two models until approximately 0.6Trinfl . After this time,
heating of the lighter species by the heavy particles starts
becoming important causing the density of the former to
decrease and deviate from the evolution observed in the
single-mass component model. However, the transition
to this phase clearly occurs after the model has been al-
ready evolved for a time comparable or longer than the
age of the Galaxy.
Perhaps, the most interesting aspect of our simulations

is the long timescale required by the BH population to
segregate to center and reach a (nearly) steady state dis-
tribution – a time comparable to the relaxation time as
defined by the dominant stellar population. In what fol-
lows we show that these predictions agree well with the
evolution expected on the basis of theoretical arguments.

2.2. Analytical estimates

In order to understand the evolution of the distribution
of BHs observed in the N -body simulations, we evolved
the population of massive remnants using an analytical
estimate for the dynamical friction coe!cient. The stel-
lar background was represented as an analytic potential
which was also let evolve in time accordingly to the evo-
lution observed in the stellar distribution during the N -
body simulations.
We began by generating random samples of positions

and velocities from the isotropic distribution function
corresponding to the density model of Equation (1). The
orbital equations of motion were then integrated forward
in time in the evolving smooth stellar potential and in-
cluding a term which describes the orbital energy dissi-
pation due to dynamical friction. The dynamical friction
acceleration was computed using the expression:
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with v the velocity of the inspiraling BH and f(v!) the
velocity distribution of field stars. The second term in
parenthesis of Equation (4) represents the frictional force
due to stars moving faster than the test mass. Such “non-
dominant” terms are neglected in the standard Fokker-
Plank treatment in which the dynamical friction coe!-
cient is obtained by integrating only over field stars with
velocity smaller than that of the test particle (e.g., Hop-
man & Alexander 2006; Alexander & Hopman 2009;
Merritt 2010). Antonini & Merritt (2012) showed that
this approximation breaks down in a shallow density pro-
file of stars around a MBH where such terms can become

Fig. 4.— The top panel shows the evolution of the density of
10 M! BHs due to dynamical friction against the field stars. The
density profiles are shown at t = (0, 2, 4, 6, 8) Gyr. Blue-dashed
curves were obtained via direct N -body simulations; black-solid
curves correspond to the results of our semi-analytical model in
which the frictional force was computed using Equation (4), which
accounts for the contribution of the fast-moving stars to the fric-
tional force. Bottom panel shows the evolution of angular momen-
tum (1 ! e) and semi-major axis (a) of a 10M! BH in our GC
model. Blue-dot-dashed curve shows the break radius evolution
of the background model. Note that as the BH reaches roughly
r0/2 its orbital radius migrates inward on a timescale similar to
that over which the core in the background density evolves due to
two-body relaxation.

dominant, as there are a few or even no particles moving
more slowly than the local circular velocity.
The N -body integrations show that the stellar distri-

bution changes with time in a quasi-self-similar way – the
stellar density profile break radius shrinks progressively
with time while the outer profile slope is maintained
roughly unchanged. In order to account for such evo-
lution, we computed at each time the best fitting density
model of Equation (1) to the density profile of stars in the
N -body system at that time. We used this density model
to compute gravitational potential, distribution function
and corresponding dynamical friction coe!cient. This
procedure allowed us to include the evolution of the stel-
lar background when evolving the BH population. Our
integrations are unique in the sense that they are the first
including at the same time: (i) a correct estimate of the
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velocity distribution of field stars. The second term in
parenthesis of Equation (4) represents the frictional force
due to stars moving faster than the test mass. Such “non-
dominant” terms are neglected in the standard Fokker-
Plank treatment in which the dynamical friction coe!-
cient is obtained by integrating only over field stars with
velocity smaller than that of the test particle (e.g., Hop-
man & Alexander 2006; Alexander & Hopman 2009;
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of the background model. Note that as the BH reaches roughly
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stellar density profile break radius shrinks progressively
with time while the outer profile slope is maintained
roughly unchanged. In order to account for such evo-
lution, we computed at each time the best fitting density
model of Equation (1) to the density profile of stars in the
N -body system at that time. We used this density model
to compute gravitational potential, distribution function
and corresponding dynamical friction coe!cient. This
procedure allowed us to include the evolution of the stel-
lar background when evolving the BH population. Our
integrations are unique in the sense that they are the first
including at the same time: (i) a correct estimate of the
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Fig. 8.— Left panel: evolution of the semi-major axis for a 5000M! black hole in the short N -body integrations, for di!erent values of
the central density slope (from top to bottom, ! = 0.6, 1, 1.5, 1.8). The thicker line is from the high-N integration, with N = 500, 000
and ! = 0.6. Dashed lines are predictions from Chandrasekhar’s formula (18) using ln" = 6.6. For ! = 0.6 there is no significant evolution
of the orbit in the considered interval of time. Right panel: orbital inspiral rates s = !da/dt computed for the simulations displayed on
the left panel as a function of ! (filled circles). Open squares give the predictions from Chandrasekhar’s formula. The star symbol is the
decay rate computed from the high resolution run (N = 500, 000 and ! = 0.6).

Fig. 9.— Trajectory of a 2000M! black hole into a core with
! = 0.6 (model D). The top-red line is the theoretical prediction
obtained from Chandrasekhar’s formula (18) using ln" = 6.6. The
bottom red curve shows the predicted inspiral in a ! = 1.8 cusp.

dynamical friction acceleration becomes (Chan-
drasekhar 1943):
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where f(v") is the velocity distribution of field stars,
and pmax is the e!ective, maximum value of the im-
pact parameter. In this more accurate treatment,
some of the dynamical friction force is due to stars
moving more rapidly than the massive particle (Chan-
drasekhar 1943; White 1949; Merritt 2001). If the con-
dition pmaxV 2/GM $ 1 is satisfied, the frictional force
can be approximated as (Chandrasekhar 1943, equation

30):
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Inside rst, dynamical friction is produced mostly by stars
with v" > v and the first term in the integral becomes
negligible. This shows the weak dependence of the fric-
tional deceleration inside the core on pmax.

Adopting equation (29), with pmax = 0.5pc, for the
frictional force that appears in the equations of motion
(20), we obtained the lower green curves in Figure 10,
which show much better agreement with the N -body re-
sults. Evidently, the standard expression for dynamical
friction, equation (18) , is inadequate to describe the or-
bital evolution of a massive body at the GC in the case
that the density profile of the nuclear star cluster is shal-
low. This is apparently a consequence of neglecting the
non-dominant terms, and not, for instance, of the as-
sumed independence of the Coulomb logarithm on the
field star velocity distribution. For models A1 and A2,
Lagrangian radii showed essentially no evolution, indi-
cating the absence of any significant change in the stellar
distribution induced by the second black hole. We con-
clude that (at least) some of the drag within rst is due to
field stars with v" > v. The red lines in Figure 10 were
derived from equation (29) but using a time dependent
distribution function f(v", t) extracted (at time t) from
the N -body models (see below). For models A1 and A2
the red curves agree exceptionally well with the N -body
results and they essentially match the results of the semi-
analytical integration that takes into account the friction
from fast moving stars. We conclude that for these runs

(Antonini	  ‘14)	  
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see that a cusp in the main-sequence population devel-
ops earlier in models with BHs. Figure 2 shows that for
fbh = 10!3 and fbh = 5! 10!3 a stellar cusp only devel-
ops after " 0.6Trinfl and " 0.4Trinfl respectively. There-
fore over the timescales (10 Gyr) and radii (r ! 0.01pc)
of relevance, the inclusion of a BH population has little or
even no influence on the evolution of the lighter popula-
tions. This latter point is more clearly demonstrated in
Figure 3 which directly compares the Lagrangian radii
evolution of our fbh = 0 model with the fbh = 10!3

model. The stellar populations evolve similarly in the
two models until approximately 0.6Trinfl . After this time,
heating of the lighter species by the heavy particles starts
becoming important causing the density of the former to
decrease and deviate from the evolution observed in the
single-mass component model. However, the transition
to this phase clearly occurs after the model has been al-
ready evolved for a time comparable or longer than the
age of the Galaxy.
Perhaps, the most interesting aspect of our simulations

is the long timescale required by the BH population to
segregate to center and reach a (nearly) steady state dis-
tribution – a time comparable to the relaxation time as
defined by the dominant stellar population. In what fol-
lows we show that these predictions agree well with the
evolution expected on the basis of theoretical arguments.

2.2. Analytical estimates

In order to understand the evolution of the distribution
of BHs observed in the N -body simulations, we evolved
the population of massive remnants using an analytical
estimate for the dynamical friction coe!cient. The stel-
lar background was represented as an analytic potential
which was also let evolve in time accordingly to the evo-
lution observed in the stellar distribution during the N -
body simulations.
We began by generating random samples of positions

and velocities from the isotropic distribution function
corresponding to the density model of Equation (1). The
orbital equations of motion were then integrated forward
in time in the evolving smooth stellar potential and in-
cluding a term which describes the orbital energy dissi-
pation due to dynamical friction. The dynamical friction
acceleration was computed using the expression:
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with v the velocity of the inspiraling BH and f(v!) the
velocity distribution of field stars. The second term in
parenthesis of Equation (4) represents the frictional force
due to stars moving faster than the test mass. Such “non-
dominant” terms are neglected in the standard Fokker-
Plank treatment in which the dynamical friction coe!-
cient is obtained by integrating only over field stars with
velocity smaller than that of the test particle (e.g., Hop-
man & Alexander 2006; Alexander & Hopman 2009;
Merritt 2010). Antonini & Merritt (2012) showed that
this approximation breaks down in a shallow density pro-
file of stars around a MBH where such terms can become

Fig. 4.— The top panel shows the evolution of the density of
10 M! BHs due to dynamical friction against the field stars. The
density profiles are shown at t = (0, 2, 4, 6, 8) Gyr. Blue-dashed
curves were obtained via direct N -body simulations; black-solid
curves correspond to the results of our semi-analytical model in
which the frictional force was computed using Equation (4), which
accounts for the contribution of the fast-moving stars to the fric-
tional force. Bottom panel shows the evolution of angular momen-
tum (1 ! e) and semi-major axis (a) of a 10M! BH in our GC
model. Blue-dot-dashed curve shows the break radius evolution
of the background model. Note that as the BH reaches roughly
r0/2 its orbital radius migrates inward on a timescale similar to
that over which the core in the background density evolves due to
two-body relaxation.

dominant, as there are a few or even no particles moving
more slowly than the local circular velocity.
The N -body integrations show that the stellar distri-

bution changes with time in a quasi-self-similar way – the
stellar density profile break radius shrinks progressively
with time while the outer profile slope is maintained
roughly unchanged. In order to account for such evo-
lution, we computed at each time the best fitting density
model of Equation (1) to the density profile of stars in the
N -body system at that time. We used this density model
to compute gravitational potential, distribution function
and corresponding dynamical friction coe!cient. This
procedure allowed us to include the evolution of the stel-
lar background when evolving the BH population. Our
integrations are unique in the sense that they are the first
including at the same time: (i) a correct estimate of the
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velocity smaller than that of the test particle (e.g., Hop-
man & Alexander 2006; Alexander & Hopman 2009;
Merritt 2010). Antonini & Merritt (2012) showed that
this approximation breaks down in a shallow density pro-
file of stars around a MBH where such terms can become

Fig. 4.— The top panel shows the evolution of the density of
10 M! BHs due to dynamical friction against the field stars. The
density profiles are shown at t = (0, 2, 4, 6, 8) Gyr. Blue-dashed
curves were obtained via direct N -body simulations; black-solid
curves correspond to the results of our semi-analytical model in
which the frictional force was computed using Equation (4), which
accounts for the contribution of the fast-moving stars to the fric-
tional force. Bottom panel shows the evolution of angular momen-
tum (1 ! e) and semi-major axis (a) of a 10M! BH in our GC
model. Blue-dot-dashed curve shows the break radius evolution
of the background model. Note that as the BH reaches roughly
r0/2 its orbital radius migrates inward on a timescale similar to
that over which the core in the background density evolves due to
two-body relaxation.

dominant, as there are a few or even no particles moving
more slowly than the local circular velocity.
The N -body integrations show that the stellar distri-

bution changes with time in a quasi-self-similar way – the
stellar density profile break radius shrinks progressively
with time while the outer profile slope is maintained
roughly unchanged. In order to account for such evo-
lution, we computed at each time the best fitting density
model of Equation (1) to the density profile of stars in the
N -body system at that time. We used this density model
to compute gravitational potential, distribution function
and corresponding dynamical friction coe!cient. This
procedure allowed us to include the evolution of the stel-
lar background when evolving the BH population. Our
integrations are unique in the sense that they are the first
including at the same time: (i) a correct estimate of the
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see that a cusp in the main-sequence population devel-
ops earlier in models with BHs. Figure 2 shows that for
fbh = 10!3 and fbh = 5! 10!3 a stellar cusp only devel-
ops after " 0.6Trinfl and " 0.4Trinfl respectively. There-
fore over the timescales (10 Gyr) and radii (r ! 0.01pc)
of relevance, the inclusion of a BH population has little or
even no influence on the evolution of the lighter popula-
tions. This latter point is more clearly demonstrated in
Figure 3 which directly compares the Lagrangian radii
evolution of our fbh = 0 model with the fbh = 10!3

model. The stellar populations evolve similarly in the
two models until approximately 0.6Trinfl . After this time,
heating of the lighter species by the heavy particles starts
becoming important causing the density of the former to
decrease and deviate from the evolution observed in the
single-mass component model. However, the transition
to this phase clearly occurs after the model has been al-
ready evolved for a time comparable or longer than the
age of the Galaxy.
Perhaps, the most interesting aspect of our simulations

is the long timescale required by the BH population to
segregate to center and reach a (nearly) steady state dis-
tribution – a time comparable to the relaxation time as
defined by the dominant stellar population. In what fol-
lows we show that these predictions agree well with the
evolution expected on the basis of theoretical arguments.

2.2. Analytical estimates

In order to understand the evolution of the distribution
of BHs observed in the N -body simulations, we evolved
the population of massive remnants using an analytical
estimate for the dynamical friction coe!cient. The stel-
lar background was represented as an analytic potential
which was also let evolve in time accordingly to the evo-
lution observed in the stellar distribution during the N -
body simulations.
We began by generating random samples of positions

and velocities from the isotropic distribution function
corresponding to the density model of Equation (1). The
orbital equations of motion were then integrated forward
in time in the evolving smooth stellar potential and in-
cluding a term which describes the orbital energy dissi-
pation due to dynamical friction. The dynamical friction
acceleration was computed using the expression:
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of the background model. Note that as the BH reaches roughly
r0/2 its orbital radius migrates inward on a timescale similar to
that over which the core in the background density evolves due to
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due to stars moving faster than the test mass. Such “non-
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Plank treatment in which the dynamical friction coe!-
cient is obtained by integrating only over field stars with
velocity smaller than that of the test particle (e.g., Hop-
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curves correspond to the results of our semi-analytical model in
which the frictional force was computed using Equation (4), which
accounts for the contribution of the fast-moving stars to the fric-
tional force. Bottom panel shows the evolution of angular momen-
tum (1 ! e) and semi-major axis (a) of a 10M! BH in our GC
model. Blue-dot-dashed curve shows the break radius evolution
of the background model. Note that as the BH reaches roughly
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that over which the core in the background density evolves due to
two-body relaxation.

dominant, as there are a few or even no particles moving
more slowly than the local circular velocity.
The N -body integrations show that the stellar distri-

bution changes with time in a quasi-self-similar way – the
stellar density profile break radius shrinks progressively
with time while the outer profile slope is maintained
roughly unchanged. In order to account for such evo-
lution, we computed at each time the best fitting density
model of Equation (1) to the density profile of stars in the
N -body system at that time. We used this density model
to compute gravitational potential, distribution function
and corresponding dynamical friction coe!cient. This
procedure allowed us to include the evolution of the stel-
lar background when evolving the BH population. Our
integrations are unique in the sense that they are the first
including at the same time: (i) a correct estimate of the
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Fig. 8.— Left panel: evolution of the semi-major axis for a 5000M! black hole in the short N -body integrations, for di!erent values of
the central density slope (from top to bottom, ! = 0.6, 1, 1.5, 1.8). The thicker line is from the high-N integration, with N = 500, 000
and ! = 0.6. Dashed lines are predictions from Chandrasekhar’s formula (18) using ln" = 6.6. For ! = 0.6 there is no significant evolution
of the orbit in the considered interval of time. Right panel: orbital inspiral rates s = !da/dt computed for the simulations displayed on
the left panel as a function of ! (filled circles). Open squares give the predictions from Chandrasekhar’s formula. The star symbol is the
decay rate computed from the high resolution run (N = 500, 000 and ! = 0.6).

Fig. 9.— Trajectory of a 2000M! black hole into a core with
! = 0.6 (model D). The top-red line is the theoretical prediction
obtained from Chandrasekhar’s formula (18) using ln" = 6.6. The
bottom red curve shows the predicted inspiral in a ! = 1.8 cusp.

dynamical friction acceleration becomes (Chan-
drasekhar 1943):
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where f(v") is the velocity distribution of field stars,
and pmax is the e!ective, maximum value of the im-
pact parameter. In this more accurate treatment,
some of the dynamical friction force is due to stars
moving more rapidly than the massive particle (Chan-
drasekhar 1943; White 1949; Merritt 2001). If the con-
dition pmaxV 2/GM $ 1 is satisfied, the frictional force
can be approximated as (Chandrasekhar 1943, equation

30):
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Inside rst, dynamical friction is produced mostly by stars
with v" > v and the first term in the integral becomes
negligible. This shows the weak dependence of the fric-
tional deceleration inside the core on pmax.

Adopting equation (29), with pmax = 0.5pc, for the
frictional force that appears in the equations of motion
(20), we obtained the lower green curves in Figure 10,
which show much better agreement with the N -body re-
sults. Evidently, the standard expression for dynamical
friction, equation (18) , is inadequate to describe the or-
bital evolution of a massive body at the GC in the case
that the density profile of the nuclear star cluster is shal-
low. This is apparently a consequence of neglecting the
non-dominant terms, and not, for instance, of the as-
sumed independence of the Coulomb logarithm on the
field star velocity distribution. For models A1 and A2,
Lagrangian radii showed essentially no evolution, indi-
cating the absence of any significant change in the stellar
distribution induced by the second black hole. We con-
clude that (at least) some of the drag within rst is due to
field stars with v" > v. The red lines in Figure 10 were
derived from equation (29) but using a time dependent
distribution function f(v", t) extracted (at time t) from
the N -body models (see below). For models A1 and A2
the red curves agree exceptionally well with the N -body
results and they essentially match the results of the semi-
analytical integration that takes into account the friction
from fast moving stars. We conclude that for these runs
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Fig. 19.— Eccentricity evolution of test particles taking di!erent
numbers of 10M! perturbers: N0.1=100, 500, 1000. The initial
values of the orbital elements were: a=10 mpc, e=0.95, " = 0,
! = !"/2 and i = 0.35". The di!usion timescale to evolve to
higher angular momenta, where resonant relaxation becomes more
e#cient in randomizing orbital eccentricities, decreases the larger
the number of BHs in the cusp.

estimates from quasi-steady state Fokker Plank models of
the GC. In their models, Hopman & Alexander (2006)
assumed f = 0.01, and found Nbh(r < 0.01pc) = 150;
Freitag et al. (2006) found similar values. This is sim-
ilar to the number of BHs in our model at the end of
the inspiral simulations but somewhat smaller than the
predicted number of BHs at the end of the post merger
simulations.
In conclusion, a core in the density distribution of stars

does not necessarily imply a low density of stellar rem-
nants in the GC. In a merger model for NCs, BHs have
a smaller core initially – as a relic of their pre-merger
mass segregation, which was not fully erased by the tidal
disruption process of the cluster. After a small frac-
tion of the relaxation time (! 0.1Trinfl), the BHs dy-
namically relax due to BH-BH interactions and attain
a steep central density cusp, while the core in the stel-
lar distribution persists. After this time, the number
of BHs inside 0.01 pc, the radii relevant for EMRIs, is
Nbh(< 0.01pc) ! 100, a value comparable to that in-
ferred in steady state models.

6.3. Constraining the number of dark remnants at the
GC using the S-star orbits

Observations of the Galctic center have revealed the
existence of ! 20 young (B-type) stars orbiting within

Fig. 20.— Cumulative eccentricity distributions at 5"107yr and
at 108yr of evolution for various values of the number of 10 M!
BH perutbers inside 0.1pc, N0.1. The insert panels give the p-value
of the K-S tests as a function of N0.1. Only when N0.1 ! 1000
the eccentricity distribution appears to approach a form that is
consistent with observations (p ! value ! 0.1) after # 100 Myr of
evolution (the S-star lifespan).

! 0.05 pc of the central black hole, the S-stars (Ghez
et al. 2008; Gillessen 2009). The S-stars are thought
not to have formed in situ where the strong tidal field of
the MBH would prevent star formation (Morris 1993).
Mechanisms that invoke the formation of the S-stars far-
ther from the MBH, and subsequent rapid migration to
their current location are often invoked in order to ex-
plain their existence. The current paradigm is that the
S-stars result from the capture of individual stars by the
tidal disruption of binaries following a close encounter
to the central black hole (Hills 1998). This formation
model can successfully accounts for the number of ob-
served S-stars (Perets et al. 2007), but it results into an
orbital distribution which is largely biased toward high
eccentricities, and therefore it is inconsistent with the
quasi-thermal eccentricity distribution of the S-star or-
bits (e.g., Antonini et al. 2010). Post-migration dynam-
ical evolution due to gravitational perturbations from a
field population of BHs has been invoked in order to bring
the predicted orbital distributions more in line with ob-
servations (Perets et al. 2009; Madigan et al. 2011;
Hamers et al. 2014). It has been recently shown that
such a scenario could indeed lead to an orbital distribu-
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tion which reproduces the random and eccentric charac-
ter of the observed orbits (Antonini & Merritt 2013).
The timescale over which the S-star orbits evolve and

approach the observed distribution depends on the num-
ber of objects, i.e. BHs, in the stellar cusp, being the
shorter the larger the number of BHs (Antonini & Mer-
ritt 2013). Accordingly, we determine a lower limit to
the number of BHs in the GC by following the dynam-
ical evolution of the S-stars for di!erent values of Nbh,
and requiring the orbits to approach the observed distri-
bution in ! 100 Myr, the main-sequence life time of a
B-type star.
We ignore two-body relaxation since the timescale of

interest (! 100 Myr) is short compared with two-body
(non-resonant) relaxation times near the center of the
Milky Way (Merritt 2010). Following Antonini & Mer-
ritt (2013) we assume that the semi-major axis distribu-
tion, N(a), is known, and it is given by the observed val-
ues of a. The initial orbital eccentricities were assigned
randomly in the range 0.93 " e " 0.99. The orbits were
initialized at random times between 0 and 100 Myr and
followed to a final time of 100Myr. This setup approx-
imately reproduces the initial conditions expected in a
binary disruption scenario for the formation of the S-
stars (Zhang et al. 2013). For each S-star (i.e., for each
value of a), 100 integrations were carried out using the
same Hamiltonian model adopted in Merritt et al. (2011)
and Antonini & Merritt (2013). Briefly, the Hamiltonian
model accounts for the torques due to finite-N asymme-
tries in the field-star distribution (resonant-relaxation)
and 1-PN terms which result in the (Schwarzschild) pre-
cession of the argument of periastron. The direction of
the torquing field was changed smoothly with time and
was randomized in a time of order the precession time of
the field population as described in Section VB of Merritt
et al. (2011).
We consider a field population of 10 M! BHs,which

we distributed according to a power law density profile
! ! r"2. The number of BHs at radii less than r is

Nbh(< r) = N0.1 (r/0.1 pc) , (23)

where N0.1 is the number of BHs within a radius of 0.1pc;
we take N0.1 = (100, 250, 500, 700, 1000), and for each
of these values we compared the results of our simulations
to observations by performing a two-sample Kolmogorov-
Smirnov (K-S) test on the eccentricity distributions.
In any of our cusp models, most orbits have orbital

eccentricities that lie initially inside (i.e., at higher ec-
centricity than) the Schwarzschild barrier – the locus of
points in the (E,L) plane where resonant relaxation is
suppressed by fast relativistic precession of a test parti-
cle orbit (Merritt et al. 2011). As shown in Antonini
& Merritt (2013), the Schwarzshild barrier behaves as
a one-way permeable membrane, which is penetrable by
orbits that approach it from higher eccentricities, while
it is a hard barrier for orbits that approach it from
above. It can be shown that the time to di!use above the
Schwarzshild barrier, towards higher angular momenta,
scales approximately with the number of perturbers as

Td ! N"3/2
bh (< a) or as ! N"2

bh (< a) if the choice for the
coherence time is the “vector” resonant relaxation time
or the mass precession time respectively – i.e., the test
particles di!use faster toward larger angular momenta,

above the Schwarzschild barrier, the larger the number
of background perturbers (Figure 19).
Figure 20 shows the cumulative eccentricity distribu-

tions at 5 # 107yr and at 108yr of evolution for vari-
ous values of N0.1. As the number of BHs in the cusp
increases the di!usion timescale decreases, allowing the
distribution to more rapidly approach a quasi-thermal
form. The insert panels give the p-value of the K-S
tests as a function of N0.1. Only for N0.1 ! 1000 af-
ter ! 100 Myr the eccentricity distribution appears to
have approached a form that is consistent with observa-
tions (p$value ! 0.1). These results imply that in order
to explain the quasi-thermal character of the S-star or-
bital eccentricities, the number of BHs within ! 0.1 pc
of Sgr A* has to be ! 1000. Interestingly, this number
is in agreement with the predictions of our globular clus-
ter merger model (Figure 15), but appears to be much
larger than the number of BHs implied by the dynamical
models discussed in Section (2) which, for fbh = 10"3,
give N0.1 % 100 after 10 Gyr of evolution.
Interestingly, a globular cluster merger model for the

Milky Way NC can potentially reconcile models which
require high central densities of BHs in order to explain
the orbits of the S-stars, with the “missing cusp” problem
of the giant star population.

7. SUMMARY

Understanding the distribution of stellar black
holes (BHs) at the center of the Galaxy is fundamen-
tal for a variety of astrophysical problems. These in-
clude the randomization of the S-star orbits, the warp-
ing of the young stellar disk, and the inspiral of BHs
into MBHs – an important class of gravitational wave
sources for the future space-based interferometer antenna
eLISA (Amaro-Seoane et al. 2012). The e"ciency of
these processes is very sensitive to the number of BHs
and to their density distribution near the GC. In this
paper we have used N -body simulations to follow the
evolution of BHs in models that have not yet reached
a collisional steady state. Following the evolution of
the BHs for timescales of order the age of the Galaxy,
we made predictions about their density distribution un-
der the two assumptions that: (1) they follow the same
phase-space distributions initially as the stars; and (2)
they are initially brought into the Galactic center by dy-
namically evolved massive clusters. Our main results are
summarized below.

1) We evolved models that have a parsec-scale density
core, and in which the BHs have the same phase-
space distribution initially as the stars. We found
that the time required for the growth of a relaxed,
mass segregated stellar cusp is shorter in models
which contain a population of heavy remnants (e.g.,
Figure 2), and it is sensitive to their initial number
relative to the stars.

2) Over one Hubble time scattering o! the BHs has
little influence on the evolution of the lighter
species. Under quite generic initial conditions, the
time required for the re-growth of a mass segre-
gated stellar cusp can be longer than the Hubble
time for galaxies similar to the Milky Way (e.g.,
Figure 3).

Dependence	  on	  the	  number	  of	  perturbers	  
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Fig. 19.— Eccentricity evolution of test particles taking di!erent
numbers of 10M! perturbers: N0.1=100, 500, 1000. The initial
values of the orbital elements were: a=10 mpc, e=0.95, " = 0,
! = !"/2 and i = 0.35". The di!usion timescale to evolve to
higher angular momenta, where resonant relaxation becomes more
e#cient in randomizing orbital eccentricities, decreases the larger
the number of BHs in the cusp.

estimates from quasi-steady state Fokker Plank models of
the GC. In their models, Hopman & Alexander (2006)
assumed f = 0.01, and found Nbh(r < 0.01pc) = 150;
Freitag et al. (2006) found similar values. This is sim-
ilar to the number of BHs in our model at the end of
the inspiral simulations but somewhat smaller than the
predicted number of BHs at the end of the post merger
simulations.
In conclusion, a core in the density distribution of stars

does not necessarily imply a low density of stellar rem-
nants in the GC. In a merger model for NCs, BHs have
a smaller core initially – as a relic of their pre-merger
mass segregation, which was not fully erased by the tidal
disruption process of the cluster. After a small frac-
tion of the relaxation time (! 0.1Trinfl), the BHs dy-
namically relax due to BH-BH interactions and attain
a steep central density cusp, while the core in the stel-
lar distribution persists. After this time, the number
of BHs inside 0.01 pc, the radii relevant for EMRIs, is
Nbh(< 0.01pc) ! 100, a value comparable to that in-
ferred in steady state models.

6.3. Constraining the number of dark remnants at the
GC using the S-star orbits

Observations of the Galctic center have revealed the
existence of ! 20 young (B-type) stars orbiting within

Fig. 20.— Cumulative eccentricity distributions at 5"107yr and
at 108yr of evolution for various values of the number of 10 M!
BH perutbers inside 0.1pc, N0.1. The insert panels give the p-value
of the K-S tests as a function of N0.1. Only when N0.1 ! 1000
the eccentricity distribution appears to approach a form that is
consistent with observations (p ! value ! 0.1) after # 100 Myr of
evolution (the S-star lifespan).

! 0.05 pc of the central black hole, the S-stars (Ghez
et al. 2008; Gillessen 2009). The S-stars are thought
not to have formed in situ where the strong tidal field of
the MBH would prevent star formation (Morris 1993).
Mechanisms that invoke the formation of the S-stars far-
ther from the MBH, and subsequent rapid migration to
their current location are often invoked in order to ex-
plain their existence. The current paradigm is that the
S-stars result from the capture of individual stars by the
tidal disruption of binaries following a close encounter
to the central black hole (Hills 1998). This formation
model can successfully accounts for the number of ob-
served S-stars (Perets et al. 2007), but it results into an
orbital distribution which is largely biased toward high
eccentricities, and therefore it is inconsistent with the
quasi-thermal eccentricity distribution of the S-star or-
bits (e.g., Antonini et al. 2010). Post-migration dynam-
ical evolution due to gravitational perturbations from a
field population of BHs has been invoked in order to bring
the predicted orbital distributions more in line with ob-
servations (Perets et al. 2009; Madigan et al. 2011;
Hamers et al. 2014). It has been recently shown that
such a scenario could indeed lead to an orbital distribu-
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Fig. 19.— Eccentricity evolution of test particles taking di!erent
numbers of 10M! perturbers: N0.1=100, 500, 1000. The initial
values of the orbital elements were: a=10 mpc, e=0.95, " = 0,
! = !"/2 and i = 0.35". The di!usion timescale to evolve to
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the number of BHs in the cusp.
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tion which reproduces the random and eccentric charac-
ter of the observed orbits (Antonini & Merritt 2013).
The timescale over which the S-star orbits evolve and

approach the observed distribution depends on the num-
ber of objects, i.e. BHs, in the stellar cusp, being the
shorter the larger the number of BHs (Antonini & Mer-
ritt 2013). Accordingly, we determine a lower limit to
the number of BHs in the GC by following the dynam-
ical evolution of the S-stars for di!erent values of Nbh,
and requiring the orbits to approach the observed distri-
bution in ! 100 Myr, the main-sequence life time of a
B-type star.
We ignore two-body relaxation since the timescale of

interest (! 100 Myr) is short compared with two-body
(non-resonant) relaxation times near the center of the
Milky Way (Merritt 2010). Following Antonini & Mer-
ritt (2013) we assume that the semi-major axis distribu-
tion, N(a), is known, and it is given by the observed val-
ues of a. The initial orbital eccentricities were assigned
randomly in the range 0.93 " e " 0.99. The orbits were
initialized at random times between 0 and 100 Myr and
followed to a final time of 100Myr. This setup approx-
imately reproduces the initial conditions expected in a
binary disruption scenario for the formation of the S-
stars (Zhang et al. 2013). For each S-star (i.e., for each
value of a), 100 integrations were carried out using the
same Hamiltonian model adopted in Merritt et al. (2011)
and Antonini & Merritt (2013). Briefly, the Hamiltonian
model accounts for the torques due to finite-N asymme-
tries in the field-star distribution (resonant-relaxation)
and 1-PN terms which result in the (Schwarzschild) pre-
cession of the argument of periastron. The direction of
the torquing field was changed smoothly with time and
was randomized in a time of order the precession time of
the field population as described in Section VB of Merritt
et al. (2011).
We consider a field population of 10 M! BHs,which

we distributed according to a power law density profile
! ! r"2. The number of BHs at radii less than r is

Nbh(< r) = N0.1 (r/0.1 pc) , (23)

where N0.1 is the number of BHs within a radius of 0.1pc;
we take N0.1 = (100, 250, 500, 700, 1000), and for each
of these values we compared the results of our simulations
to observations by performing a two-sample Kolmogorov-
Smirnov (K-S) test on the eccentricity distributions.
In any of our cusp models, most orbits have orbital

eccentricities that lie initially inside (i.e., at higher ec-
centricity than) the Schwarzschild barrier – the locus of
points in the (E,L) plane where resonant relaxation is
suppressed by fast relativistic precession of a test parti-
cle orbit (Merritt et al. 2011). As shown in Antonini
& Merritt (2013), the Schwarzshild barrier behaves as
a one-way permeable membrane, which is penetrable by
orbits that approach it from higher eccentricities, while
it is a hard barrier for orbits that approach it from
above. It can be shown that the time to di!use above the
Schwarzshild barrier, towards higher angular momenta,
scales approximately with the number of perturbers as

Td ! N"3/2
bh (< a) or as ! N"2

bh (< a) if the choice for the
coherence time is the “vector” resonant relaxation time
or the mass precession time respectively – i.e., the test
particles di!use faster toward larger angular momenta,

above the Schwarzschild barrier, the larger the number
of background perturbers (Figure 19).
Figure 20 shows the cumulative eccentricity distribu-

tions at 5 # 107yr and at 108yr of evolution for vari-
ous values of N0.1. As the number of BHs in the cusp
increases the di!usion timescale decreases, allowing the
distribution to more rapidly approach a quasi-thermal
form. The insert panels give the p-value of the K-S
tests as a function of N0.1. Only for N0.1 ! 1000 af-
ter ! 100 Myr the eccentricity distribution appears to
have approached a form that is consistent with observa-
tions (p$value ! 0.1). These results imply that in order
to explain the quasi-thermal character of the S-star or-
bital eccentricities, the number of BHs within ! 0.1 pc
of Sgr A* has to be ! 1000. Interestingly, this number
is in agreement with the predictions of our globular clus-
ter merger model (Figure 15), but appears to be much
larger than the number of BHs implied by the dynamical
models discussed in Section (2) which, for fbh = 10"3,
give N0.1 % 100 after 10 Gyr of evolution.
Interestingly, a globular cluster merger model for the

Milky Way NC can potentially reconcile models which
require high central densities of BHs in order to explain
the orbits of the S-stars, with the “missing cusp” problem
of the giant star population.

7. SUMMARY

Understanding the distribution of stellar black
holes (BHs) at the center of the Galaxy is fundamen-
tal for a variety of astrophysical problems. These in-
clude the randomization of the S-star orbits, the warp-
ing of the young stellar disk, and the inspiral of BHs
into MBHs – an important class of gravitational wave
sources for the future space-based interferometer antenna
eLISA (Amaro-Seoane et al. 2012). The e"ciency of
these processes is very sensitive to the number of BHs
and to their density distribution near the GC. In this
paper we have used N -body simulations to follow the
evolution of BHs in models that have not yet reached
a collisional steady state. Following the evolution of
the BHs for timescales of order the age of the Galaxy,
we made predictions about their density distribution un-
der the two assumptions that: (1) they follow the same
phase-space distributions initially as the stars; and (2)
they are initially brought into the Galactic center by dy-
namically evolved massive clusters. Our main results are
summarized below.

1) We evolved models that have a parsec-scale density
core, and in which the BHs have the same phase-
space distribution initially as the stars. We found
that the time required for the growth of a relaxed,
mass segregated stellar cusp is shorter in models
which contain a population of heavy remnants (e.g.,
Figure 2), and it is sensitive to their initial number
relative to the stars.

2) Over one Hubble time scattering o! the BHs has
little influence on the evolution of the lighter
species. Under quite generic initial conditions, the
time required for the re-growth of a mass segre-
gated stellar cusp can be longer than the Hubble
time for galaxies similar to the Milky Way (e.g.,
Figure 3).
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Fig. 19.— Eccentricity evolution of test particles taking di!erent
numbers of 10M! perturbers: N0.1=100, 500, 1000. The initial
values of the orbital elements were: a=10 mpc, e=0.95, " = 0,
! = !"/2 and i = 0.35". The di!usion timescale to evolve to
higher angular momenta, where resonant relaxation becomes more
e#cient in randomizing orbital eccentricities, decreases the larger
the number of BHs in the cusp.

estimates from quasi-steady state Fokker Plank models of
the GC. In their models, Hopman & Alexander (2006)
assumed f = 0.01, and found Nbh(r < 0.01pc) = 150;
Freitag et al. (2006) found similar values. This is sim-
ilar to the number of BHs in our model at the end of
the inspiral simulations but somewhat smaller than the
predicted number of BHs at the end of the post merger
simulations.
In conclusion, a core in the density distribution of stars

does not necessarily imply a low density of stellar rem-
nants in the GC. In a merger model for NCs, BHs have
a smaller core initially – as a relic of their pre-merger
mass segregation, which was not fully erased by the tidal
disruption process of the cluster. After a small frac-
tion of the relaxation time (! 0.1Trinfl), the BHs dy-
namically relax due to BH-BH interactions and attain
a steep central density cusp, while the core in the stel-
lar distribution persists. After this time, the number
of BHs inside 0.01 pc, the radii relevant for EMRIs, is
Nbh(< 0.01pc) ! 100, a value comparable to that in-
ferred in steady state models.

6.3. Constraining the number of dark remnants at the
GC using the S-star orbits

Observations of the Galctic center have revealed the
existence of ! 20 young (B-type) stars orbiting within

Fig. 20.— Cumulative eccentricity distributions at 5"107yr and
at 108yr of evolution for various values of the number of 10 M!
BH perutbers inside 0.1pc, N0.1. The insert panels give the p-value
of the K-S tests as a function of N0.1. Only when N0.1 ! 1000
the eccentricity distribution appears to approach a form that is
consistent with observations (p ! value ! 0.1) after # 100 Myr of
evolution (the S-star lifespan).

! 0.05 pc of the central black hole, the S-stars (Ghez
et al. 2008; Gillessen 2009). The S-stars are thought
not to have formed in situ where the strong tidal field of
the MBH would prevent star formation (Morris 1993).
Mechanisms that invoke the formation of the S-stars far-
ther from the MBH, and subsequent rapid migration to
their current location are often invoked in order to ex-
plain their existence. The current paradigm is that the
S-stars result from the capture of individual stars by the
tidal disruption of binaries following a close encounter
to the central black hole (Hills 1998). This formation
model can successfully accounts for the number of ob-
served S-stars (Perets et al. 2007), but it results into an
orbital distribution which is largely biased toward high
eccentricities, and therefore it is inconsistent with the
quasi-thermal eccentricity distribution of the S-star or-
bits (e.g., Antonini et al. 2010). Post-migration dynam-
ical evolution due to gravitational perturbations from a
field population of BHs has been invoked in order to bring
the predicted orbital distributions more in line with ob-
servations (Perets et al. 2009; Madigan et al. 2011;
Hamers et al. 2014). It has been recently shown that
such a scenario could indeed lead to an orbital distribu-

stellar remnants around massive black holes 19

Fig. 19.— Eccentricity evolution of test particles taking di!erent
numbers of 10M! perturbers: N0.1=100, 500, 1000. The initial
values of the orbital elements were: a=10 mpc, e=0.95, " = 0,
! = !"/2 and i = 0.35". The di!usion timescale to evolve to
higher angular momenta, where resonant relaxation becomes more
e#cient in randomizing orbital eccentricities, decreases the larger
the number of BHs in the cusp.

estimates from quasi-steady state Fokker Plank models of
the GC. In their models, Hopman & Alexander (2006)
assumed f = 0.01, and found Nbh(r < 0.01pc) = 150;
Freitag et al. (2006) found similar values. This is sim-
ilar to the number of BHs in our model at the end of
the inspiral simulations but somewhat smaller than the
predicted number of BHs at the end of the post merger
simulations.
In conclusion, a core in the density distribution of stars

does not necessarily imply a low density of stellar rem-
nants in the GC. In a merger model for NCs, BHs have
a smaller core initially – as a relic of their pre-merger
mass segregation, which was not fully erased by the tidal
disruption process of the cluster. After a small frac-
tion of the relaxation time (! 0.1Trinfl), the BHs dy-
namically relax due to BH-BH interactions and attain
a steep central density cusp, while the core in the stel-
lar distribution persists. After this time, the number
of BHs inside 0.01 pc, the radii relevant for EMRIs, is
Nbh(< 0.01pc) ! 100, a value comparable to that in-
ferred in steady state models.

6.3. Constraining the number of dark remnants at the
GC using the S-star orbits

Observations of the Galctic center have revealed the
existence of ! 20 young (B-type) stars orbiting within

Fig. 20.— Cumulative eccentricity distributions at 5"107yr and
at 108yr of evolution for various values of the number of 10 M!
BH perutbers inside 0.1pc, N0.1. The insert panels give the p-value
of the K-S tests as a function of N0.1. Only when N0.1 ! 1000
the eccentricity distribution appears to approach a form that is
consistent with observations (p ! value ! 0.1) after # 100 Myr of
evolution (the S-star lifespan).

! 0.05 pc of the central black hole, the S-stars (Ghez
et al. 2008; Gillessen 2009). The S-stars are thought
not to have formed in situ where the strong tidal field of
the MBH would prevent star formation (Morris 1993).
Mechanisms that invoke the formation of the S-stars far-
ther from the MBH, and subsequent rapid migration to
their current location are often invoked in order to ex-
plain their existence. The current paradigm is that the
S-stars result from the capture of individual stars by the
tidal disruption of binaries following a close encounter
to the central black hole (Hills 1998). This formation
model can successfully accounts for the number of ob-
served S-stars (Perets et al. 2007), but it results into an
orbital distribution which is largely biased toward high
eccentricities, and therefore it is inconsistent with the
quasi-thermal eccentricity distribution of the S-star or-
bits (e.g., Antonini et al. 2010). Post-migration dynam-
ical evolution due to gravitational perturbations from a
field population of BHs has been invoked in order to bring
the predicted orbital distributions more in line with ob-
servations (Perets et al. 2009; Madigan et al. 2011;
Hamers et al. 2014). It has been recently shown that
such a scenario could indeed lead to an orbital distribu-

Constraining	  the	  number	  of	  BHs	  at	  the	  Galac.c	  
center	  

DYNAMICAL	   EVOLUTION	   OF	   THE	   S-‐STARS	  
FOLLOWING	  THEIR 	  CAPTURE	  ON	  ECCENTRIC	  ORBITS	  

20 Antonini

tion which reproduces the random and eccentric charac-
ter of the observed orbits (Antonini & Merritt 2013).
The timescale over which the S-star orbits evolve and

approach the observed distribution depends on the num-
ber of objects, i.e. BHs, in the stellar cusp, being the
shorter the larger the number of BHs (Antonini & Mer-
ritt 2013). Accordingly, we determine a lower limit to
the number of BHs in the GC by following the dynam-
ical evolution of the S-stars for di!erent values of Nbh,
and requiring the orbits to approach the observed distri-
bution in ! 100 Myr, the main-sequence life time of a
B-type star.
We ignore two-body relaxation since the timescale of

interest (! 100 Myr) is short compared with two-body
(non-resonant) relaxation times near the center of the
Milky Way (Merritt 2010). Following Antonini & Mer-
ritt (2013) we assume that the semi-major axis distribu-
tion, N(a), is known, and it is given by the observed val-
ues of a. The initial orbital eccentricities were assigned
randomly in the range 0.93 " e " 0.99. The orbits were
initialized at random times between 0 and 100 Myr and
followed to a final time of 100Myr. This setup approx-
imately reproduces the initial conditions expected in a
binary disruption scenario for the formation of the S-
stars (Zhang et al. 2013). For each S-star (i.e., for each
value of a), 100 integrations were carried out using the
same Hamiltonian model adopted in Merritt et al. (2011)
and Antonini & Merritt (2013). Briefly, the Hamiltonian
model accounts for the torques due to finite-N asymme-
tries in the field-star distribution (resonant-relaxation)
and 1-PN terms which result in the (Schwarzschild) pre-
cession of the argument of periastron. The direction of
the torquing field was changed smoothly with time and
was randomized in a time of order the precession time of
the field population as described in Section VB of Merritt
et al. (2011).
We consider a field population of 10 M! BHs,which

we distributed according to a power law density profile
! ! r"2. The number of BHs at radii less than r is

Nbh(< r) = N0.1 (r/0.1 pc) , (23)

where N0.1 is the number of BHs within a radius of 0.1pc;
we take N0.1 = (100, 250, 500, 700, 1000), and for each
of these values we compared the results of our simulations
to observations by performing a two-sample Kolmogorov-
Smirnov (K-S) test on the eccentricity distributions.
In any of our cusp models, most orbits have orbital

eccentricities that lie initially inside (i.e., at higher ec-
centricity than) the Schwarzschild barrier – the locus of
points in the (E,L) plane where resonant relaxation is
suppressed by fast relativistic precession of a test parti-
cle orbit (Merritt et al. 2011). As shown in Antonini
& Merritt (2013), the Schwarzshild barrier behaves as
a one-way permeable membrane, which is penetrable by
orbits that approach it from higher eccentricities, while
it is a hard barrier for orbits that approach it from
above. It can be shown that the time to di!use above the
Schwarzshild barrier, towards higher angular momenta,
scales approximately with the number of perturbers as

Td ! N"3/2
bh (< a) or as ! N"2

bh (< a) if the choice for the
coherence time is the “vector” resonant relaxation time
or the mass precession time respectively – i.e., the test
particles di!use faster toward larger angular momenta,

above the Schwarzschild barrier, the larger the number
of background perturbers (Figure 19).
Figure 20 shows the cumulative eccentricity distribu-

tions at 5 # 107yr and at 108yr of evolution for vari-
ous values of N0.1. As the number of BHs in the cusp
increases the di!usion timescale decreases, allowing the
distribution to more rapidly approach a quasi-thermal
form. The insert panels give the p-value of the K-S
tests as a function of N0.1. Only for N0.1 ! 1000 af-
ter ! 100 Myr the eccentricity distribution appears to
have approached a form that is consistent with observa-
tions (p$value ! 0.1). These results imply that in order
to explain the quasi-thermal character of the S-star or-
bital eccentricities, the number of BHs within ! 0.1 pc
of Sgr A* has to be ! 1000. Interestingly, this number
is in agreement with the predictions of our globular clus-
ter merger model (Figure 15), but appears to be much
larger than the number of BHs implied by the dynamical
models discussed in Section (2) which, for fbh = 10"3,
give N0.1 % 100 after 10 Gyr of evolution.
Interestingly, a globular cluster merger model for the

Milky Way NC can potentially reconcile models which
require high central densities of BHs in order to explain
the orbits of the S-stars, with the “missing cusp” problem
of the giant star population.

7. SUMMARY

Understanding the distribution of stellar black
holes (BHs) at the center of the Galaxy is fundamen-
tal for a variety of astrophysical problems. These in-
clude the randomization of the S-star orbits, the warp-
ing of the young stellar disk, and the inspiral of BHs
into MBHs – an important class of gravitational wave
sources for the future space-based interferometer antenna
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these processes is very sensitive to the number of BHs
and to their density distribution near the GC. In this
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evolution of BHs in models that have not yet reached
a collisional steady state. Following the evolution of
the BHs for timescales of order the age of the Galaxy,
we made predictions about their density distribution un-
der the two assumptions that: (1) they follow the same
phase-space distributions initially as the stars; and (2)
they are initially brought into the Galactic center by dy-
namically evolved massive clusters. Our main results are
summarized below.

1) We evolved models that have a parsec-scale density
core, and in which the BHs have the same phase-
space distribution initially as the stars. We found
that the time required for the growth of a relaxed,
mass segregated stellar cusp is shorter in models
which contain a population of heavy remnants (e.g.,
Figure 2), and it is sensitive to their initial number
relative to the stars.

2) Over one Hubble time scattering o! the BHs has
little influence on the evolution of the lighter
species. Under quite generic initial conditions, the
time required for the re-growth of a mass segre-
gated stellar cusp can be longer than the Hubble
time for galaxies similar to the Milky Way (e.g.,
Figure 3).
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tions at 5 # 107yr and at 108yr of evolution for vari-
ous values of N0.1. As the number of BHs in the cusp
increases the di!usion timescale decreases, allowing the
distribution to more rapidly approach a quasi-thermal
form. The insert panels give the p-value of the K-S
tests as a function of N0.1. Only for N0.1 ! 1000 af-
ter ! 100 Myr the eccentricity distribution appears to
have approached a form that is consistent with observa-
tions (p$value ! 0.1). These results imply that in order
to explain the quasi-thermal character of the S-star or-
bital eccentricities, the number of BHs within ! 0.1 pc
of Sgr A* has to be ! 1000. Interestingly, this number
is in agreement with the predictions of our globular clus-
ter merger model (Figure 15), but appears to be much
larger than the number of BHs implied by the dynamical
models discussed in Section (2) which, for fbh = 10"3,
give N0.1 % 100 after 10 Gyr of evolution.
Interestingly, a globular cluster merger model for the

Milky Way NC can potentially reconcile models which
require high central densities of BHs in order to explain
the orbits of the S-stars, with the “missing cusp” problem
of the giant star population.

7. SUMMARY

Understanding the distribution of stellar black
holes (BHs) at the center of the Galaxy is fundamen-
tal for a variety of astrophysical problems. These in-
clude the randomization of the S-star orbits, the warp-
ing of the young stellar disk, and the inspiral of BHs
into MBHs – an important class of gravitational wave
sources for the future space-based interferometer antenna
eLISA (Amaro-Seoane et al. 2012). The e"ciency of
these processes is very sensitive to the number of BHs
and to their density distribution near the GC. In this
paper we have used N -body simulations to follow the
evolution of BHs in models that have not yet reached
a collisional steady state. Following the evolution of
the BHs for timescales of order the age of the Galaxy,
we made predictions about their density distribution un-
der the two assumptions that: (1) they follow the same
phase-space distributions initially as the stars; and (2)
they are initially brought into the Galactic center by dy-
namically evolved massive clusters. Our main results are
summarized below.

1) We evolved models that have a parsec-scale density
core, and in which the BHs have the same phase-
space distribution initially as the stars. We found
that the time required for the growth of a relaxed,
mass segregated stellar cusp is shorter in models
which contain a population of heavy remnants (e.g.,
Figure 2), and it is sensitive to their initial number
relative to the stars.

2) Over one Hubble time scattering o! the BHs has
little influence on the evolution of the lighter
species. Under quite generic initial conditions, the
time required for the re-growth of a mass segre-
gated stellar cusp can be longer than the Hubble
time for galaxies similar to the Milky Way (e.g.,
Figure 3).
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Fig. 10.— Radial profile of the ratio between the density of BHs,
!bh, and stellar densities, !st. The dotted curve shows the value
corresponding to the initial cluster models before the BHs segre-
gated to the center. This latter is also the density ratio expected
in the absence of dynamical evolution. Within 5 pc our models
predict larger BH densities than what expected if the remnant
population had the same density distribution of stars at the time
the clusters reach their tidal disruption radius. As discussed in the
text, where !bh ! 0.1!st the evolution of the stars is expected to be
dominated by gravitational interaction with the BHs – as oppose
to self-interactions.

A1 and A2. Our simulations result in a mass distribu-
tion characterized by a flat density core inside ! 2pc in
run A1 and ! 3pc in run A2, and an envelope the falls
o! rapidly at large radii. The BH density distributions
flatten within a radius comparable to the size of the core
observed in the stellar density profile. This is because the
BH cluster does not experience significant orbital decay
after the star cluster is fully dispersed. The di!erence
in the mass distribution in the two models A1 and A2
is caused by the di!erence in the enclosed mass in the
background galaxy. The tidal field near the galactic cen-
ter is much stronger in simulation A2 due to presence
of a pre-existing compact stellar nucleus. The stronger
tidal field in the galaxy model of simulation A2 results in
a larger core in the density distribution due to the larger
tidal disruption radius of the star cluster.
The dashed curves in Figure 9 display the density pro-

file of the galaxy background at the end of the simula-
tions. A comparison with the functional forms of Equa-
tion (9) and (10) used to generate the initial equilibrium
models shows that the background galaxy in A1 did not
evolve appreciably; in A2, instead, the final density of the
galaxy appears to have slightly changed showing higher
central densities and a smaller core radius (! 0.5 pc)
than the initial model. Thus the influence of the inspi-
rals on the pre-exisiting distribution of field stars in our
models is negligible at large radii ! 3pc, while leads to
slightly higher central densities within this radius and
a smaller core radius relative to the initial model dis-
tribution (we discuss this point in more detail below in
Section 5.3).
The key question to be answered by these simulations

is the degree to which the density of stellar BHs near
the center of the galaxy is enhanced, after the inspiral,
with respect to the relative density expected in the ab-
sence of dynamical evolution. Figure 10 shows the radial
profile of the ratio, !bh/!st, of BHs to stellar densities.

The dotted curve in the figure gives the density ratio,
!bh/!st = 0.052, of the initial model before the BHs seg-
regate to the cluster center, which is also the relative BH
density expected in the absence of the cluster dynamical
evolution. Inside 5pc our simulations result in larger BH
densities relative to what expected if the remnant popu-
lation had the same density distribution of stars at the
moment the clusters reach their tidal disruption radius.
Figure 10 suggests that the evolution of a NC formed

through the merger of dynamically evolved stellar clus-
ters will be dominated by the BHs. The condition that
the evolution of the light component is dominated by
scattering o! the heavy component is (e.g., Gualandris
& Merritt 2012):

!bh ! (mst/mbh)!st = 0.1!st. (14)

From Figure 10 we see that the evolution of the stars
will be dominated by gravitational interactions with the
BHs – as oppose to self-interactions – within a radius
of size ! 3pc, roughly the MBH influence radius. We
conclude that the post-infall long-term evolution of the
systems presented here will be very di!erent from that
of the models discussed in Section 2 for which about one
Hubble time was required in order to first met the con-
dition Equation (14).

5.2. Consecutive inspirals

In order to determine the distribution of stars and
stellar remnants predicted by a dissipationless formation
model for the Milky Way NC we performed simulations
which followed the repeated merger of mass-segregated
massive clusters in the GC; these correspond to simu-
lations B and C of Table 1. In these integrations the
number of N -body particles was much reduced with re-
spect to the single inspiral simulations presented in Sec-
tion 5.1. The subsampling was a necessary compromise
to keep the computational time from becoming exces-
sively long, while still allowing the simulations to follow
the successive inspiral of 12 clusters into the center of
the galaxy, giving a total accumulated mass in stars of
" 107 M!, which is roughly the observed mass of the
Milky Way NC.
The process of NC formation is illustrated in Figure 11

which shows the growing central density of stars and
BHs during the globular cluster inspirals. As clusters
merge to the center, the peak density of the model in-
creases and a NC forms, appearing within the model in-
ner " 10 pc as an excess density of stars over the back-
ground density of the galaxy. Insert panels give the ra-
dial dependence of the density profile slope of the final
NC models. In the radial range 0.5 pc " r " 5 pc the
spatial density profile of the merger product is charac-
terized by a density of stars which rises steeply toward
the center roughly as ! r"1.5. At smaller radii at the
end of both simulations B and C the spatial density pro-
file of stars flattens and the radial dependence becomes
approximately d log !/d log r " #1 inside 0.3 # 0.5 pc.
The BH population exhibits a very steep density cusp
d log !/d log r " #2.2, outside ! 0.5 pc, and a some-
what flat profile within this radius. The merger process
produces a NC which is in an state of advanced mass-
segregation, with the heavy component dominating the
density of stars inside a radius of roughly 0.3 pc and
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Fig. 11.— Density profile of the NC in simulations B (upper panel) and C (lower panel) during the globular cluster inspirals. Left panels
give the density of the NC (i.e., only particles that were initially associated with the clusters are used) after 3, 6, 9 and 12 infall events (from
bottom to top), while the middle panels show the corresponding density distribution of BHs. Dot-dashed curves give the radius containing
a mass in stars twice the mass of the central MBH for the initial model (black-dot-dashed curve), and for the simulation end-products
(blue-dot-dashed curve). Insert panels show the radial dependence of the density profile slope d log !/d log r in the final NC models. Right
panels display the projected density profile of the stars in the NC, in the galaxy (i.e., only particles that were initially associated with the
galaxy) and the sum of them (upper curves). Dashed-red curves are the best fitting Sérsic profile models to these projected distributions.

Fig. 12.— Total mass of BHs accumulated inside the inner par-
sec during the inspiral simulations B (lower points) and C (upper
points), as a function of the mass of the NC (i.e., the sum of the
decayed globular cluster masses). The solid curves give the best fit-
ting power law profiles to the data for MNC > 4! 106M!. Masses
are in units of solar masses.

1 pc in simulations B and C respectively. Since smaller
systems have shorter relaxation times and undergo mass-
segregation more quickly, the merger process e!ectively
reduces the mass-segregation time scale of the NC com-
pared for instance to the models discussed in Section 2.
The right panels of Figure 11 show the projected den-

sity of the N!body model at the end of the simulations.

Fig. 13.— Left panel shows the density profile of stars in run B af-
ter 12 inspirals were completed and that were originally part of the
3th, 6th, 9th and 12th infalling cluster. Right panel corresponds to
the single mass component simulations of Antonini et al. (2012).
Blue-dot-dashed curvess show the density profile of stars coming
from the 12th decayed cluster after the final NC model was run in
isolation for a time corresponding to roughly the time that takes in
our simulations for three consecutive inspiral events to complete.

These profiles were fitted as a superposition of two model
components, one intended to represent the galaxy and
the other the NC. For both components we adopted the
Sérsic law profile:

"(R) = "0exp

!
!b

"
R

R0

# 1
n

+ b

$
, (15)
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Antonini et al. (2012) also produced a final NC model
with a core of size ! 1pc, somewhat similar to what we
find in this paper. The absence of a Bahcall-Wolf cusp
is naturally explained in these models, without the need
for fine-tuning or unrealistic initial conditions.
Our simulations result in a final density profile hav-

ing nearly the same power-law index beyond 0.5pc as
observed (!(R) R!1, Haller et al. 1996). The slope in-
dex in the inner ! 0.5 pc of our model, ! ! 1, is also
consistent with what obtained from the surface bright-
ness distribution of stellar light within the inner 1"" of
Sgr A* (Yusef-Zadeh et al. 2012), but appears only
marginally consistent with what inferred from number
counts of the red giant stars. Slope indexes in the range
"3 ! ! ! 0.8 are consistent with what derived from
observations of the giants, although negative or nearly-
zero values, corresponding to centrally-decreasing or flat
densities respectively, are preferred (Merritt 2010; Do et
al. 2013).

6.1.2. Kinematics

The radial profile of the velocity anisotropy of the
NC could potentially provide useful constraint on its
formation. Kinematic modeling of proper motion
data derived from the dominant old population of gi-
ants, reveals a nearly spherical central cluster exhibit-
ing slow, approximately solid-body rotation, of ampli-
tude 1.4 kms!1arcsec!1 (Trippe et al. 2008; Schödel
et al. 2009). Kinematically, the central cluster ap-
pears isotropic, with a mildly radial anisotropy at r !
0.1 pc and slightly tangentially anisotropic for 0.1 pc !
r ! 1 pc; In the radial range 1"" " 10"", the late-type
stars are observed to have a mean projected anisotropy
of #1" "2

T /"
2
R$ = "0.12+0.098

!1.05 (Schödel et al. 2009). Do

et al. (2013) found # = 0.01+0.35
!0.34 within 0.5 pc.

Our models are characterized by a low degree of ro-
tation and show a generally flat anisotropy profile with
# % "0.5 at the end of the inspiral simulations and # % 0
at the end of the post-merger evolution. Although such
values are consistent with observations, we believe that
future and better kinematic data that extend outside the
inner parsec will be necessary in order to provide better
constraints on this scenario.

6.2. Extreme-mass-ratio inspirals

The inspiral of compact remnants into a MBH repre-
sents one of the most promising sources of gravitational
wave radiation detectable by space-based laser interfer-
ometers (Amaro-Seoane et al. 2012). Event rates for
such extreme mass-ratio inspirals are generally estimated
under the assumption that the BHs had enough time
to segregate and form a steep central cusp, n ! r!2,
near the MBH. Such dynamical models predict inspiral
rates per galaxies of ! 250 Gyr!1 (Hopman & Alexan-
der 2006). Models that include an initial parsec scale
core can result in much lower central BH densities than
in the steady state models, and imply rates as low as
1 " 10 Gyr!1 (Merritt 2010). EMRI event rates could
be also severely suppressed by the Schwarzschild barrier
which limits the ability of stars to di"use to high eccen-
tricities onto inspiral orbits (Merritt et al. 2011).
It must be stressed that it is di#cult to draw any con-

clusion about EMRI event rates from the models dis-

Fig. 18.— Cumulative number of BHs predicted for a Milky Way
nucleus as function of radius and at the di!erent time intervals:
t = (0.09, 0.18, 0.27, 0.36) ! Trinfl , for the post-merger simula-
tion discussed in Section 5.4. Dot-dashed curves were obtained by
carrying out regression fits of logNbh to log r in the radial range
(r1, r2), with Nbh(< r1) = 5 and Nbh(< r2) = 25 (see text for
details).

cussed in the literature because of the significant uncer-
tainties in the underlining assumptions. Our simulations
cast further doubts on results obtained from idealized
time-dependent models which relay on the assumption
that BHs and stars have initially the same spatial distri-
bution. For example, based on the models discussed in
Section 2 and in Merritt (2010) and Antonini & Mer-
ritt (2012), the presence of a core in the old popula-
tion of stars at the GC would imply very low central
densities of BHs and EMRI event rates. However, the
initial conditions adopted in the simulation of Section 2
were quite artificial and not motivated by any specific
physical model. We have shown that in a merger model
for the formation of NCs, the resulting distribution of
stellar remnants partially reflects their distribution in
their parent clusters just before they reach the center
of the galaxy. Thus, di"erent, possibly more realistic,
initial conditions would produce rather di"erent central
BH densities; in these models EMRI rates could be as
large as (or higher than) those obtained in the steady
state models even in the presence of a core in the stellar
distribution.
In order to determine the number of BHs in a Milky

Way like nucleus predicted by the inspiral simulations
we used the scaling relation given by Equation (13). We
are interested in the number of compact remnants inside
% 0.01 pc, as these are the only BHs that can generate
EMRIs. Since at these radii the number of BH particles
in the N"body model is small, we carried out regression
fits of logNbh to log r at larger radii, and extrapolate
inward in order to get Nbh at the radii of interest. Fol-
lowing Gualandris & Merritt (2012), we performed these
fits in the radial interval (r1, r2) such that Nbh(< r1) = 5
and Nbh(< r2) = 25, and assume a density profile of con-
stant power-law index. In Figure 18 we show the (scaled)
cumulative number of BHs during the post merger sim-
ulations of Section 5.4. We find Nbh(< 0.01pc) % 200 at
t = 0.1&Trinfl andNbh(< 0.01pc) % 400 at t = 0.3&Trinfl .
We can directly compare the numbers so obtained with



CONCLUSIONS 
1)  Dynamical	  fric.on	  in	  a	   low	  density	  core	  around	  a	  MBH	  can	  be	  

extremely	  inefficient.	  	  

2)  Adop.ng	  a	  parsec	  scale	   ini.al	  core,	  the	  .me	  to	  regrow	  a	  cusp	  
in	   the	  density	   of	   BHs	   and	   stars	   can	  be	  much	   longer	   than	  one	  
Hubble	  .me.	  

3)  Amer	   one	   Hubble	   .me	   standard	   models	   of	   mass-‐segrega.on	  
give	  a	  number	  of	  BHs	  which	  is	  too	  low	  to	  be	  consistent	  with	  a	  
binary	  disrup.on	  origin	  for	  the	  S-‐stars.	  

4)  The	   stellar	   and	   BH	   distribu.on	   in	   galaxies	   like	   the	  Milky-‐Way	  
can	   s.ll	   reflect	   the	   forma.on	   process	   of	   the	   NSC.	   This	  
mo.vates	   studies	   that	   start	   from	   ini.al	   condi.ons	   which	  
correspond	  to	  well	  defined	  physical	  models.	  
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FIG. 1.— Evolution of stellar mass within 0.1 rh from the MBH, for light (3
upper panels) and heavy (3 lower panels) components. Noisy curves are from
N-body integrations; smooth curves are from the Fokker-Planck evolution.

isotropic, Fokker-Planck equation in energy space is defined,
for each component (Spitzer 1987; Chernoff & Weinberg
1990), by
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In this equation, i, j run from 1 to Nc (the number of mass
components), µi = mi/m! where m! = 1/N is a reference
mass. p(E) = 4

' rmax(E)
0 dr r2

"
2(E −"(r)) = −!q/!E is the

phase-space accessible to each (bound) star of specific energy
E = −v2/2+"(r)> 0 (Spitzer 1987), and the total gravitational
potential "(r) is the sum of the contribution from the nuclear
cluster plus the hole. During our simulations, the stellar dis-
tribution and its resulting gravitational potential change sub-
stantially inside rh only—the region over which the MBH’s
potential is dominant—so we keep the contribution from the
stars to total "(r) fixed throughout. This system of FP equa-
tions treats self-consistently both dynamical friction and two-
body scattering between all components, without any further
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FIG. 2.— The mass density profiles around the MBHs for both components
at the end of the integrations. N-body and Fokker-Planck curves are super-
imposed for comparison. Left panels show !L(r) for the light component;
right panels show !H (r) for heavy component. The arrows signal the location
of 0.1rh and rh radii. These plots highlight the asymptotic solution of both
methods is in good agreement and !H ! r−!H , where "H decreases from val-
ues! 2 down to ! 7/4 while moving from the strong to the weak branch of
the solution.
approximations other than those inherent to the FP formalism.
In contrast with Merritt (2009), our treatment is not limited
to early evolution where the heavy component is just a small
perturbation on the (time evolving and dominant in number)
light component. As a result, we can follow both weak and
strong branches of the solution throughout without restriction.
We solve the FP equations (2, 3) using the Chang & Cooper
(1970) integration scheme.

4. RESULTS
The density of stars around the MBH increases as the cusp

grows for both light and heavy components until it reaches a
quasi-steady state; afterwards, the lights start to slowly ex-
pand. This can be seen in Figure 1, where the mass in-
side a sphere of 0.1rh, centered on the MBH, is depicted
as a function of time. This distance is measured with re-
spect to the instantaneous position of the MBH. Both curves
from FP and NB are shown together for three different runs
with # = 0.08,0.23 corresponding to strong segregation and
# = 13.2 to weak segregation branches. The time scaling
between NB and FP is related through TFPrlx = ln!/N TNBrlx ,
and no further adjustements were made. In the three cases
shown (as in all others cases tested but not shown), the agree-
ment between both methods is very good, although there is
a noticeable tendency for the heavy particles in the NB runs
to segregate more strongly in the central cusp—this is espe-
cially the case in the strong branch. Figure 1 also suggests
that a quasi-steady state (and maximum central concentra-
tion) have been reached by the end of the runs correspond-
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FIG. 1.— Evolution of stellar mass within 0.1 rh from the MBH, for light (3
upper panels) and heavy (3 lower panels) components. Noisy curves are from
N-body integrations; smooth curves are from the Fokker-Planck evolution.

isotropic, Fokker-Planck equation in energy space is defined,
for each component (Spitzer 1987; Chernoff & Weinberg
1990), by
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In this equation, i, j run from 1 to Nc (the number of mass
components), µi = mi/m! where m! = 1/N is a reference
mass. p(E) = 4
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2(E −"(r)) = −!q/!E is the

phase-space accessible to each (bound) star of specific energy
E = −v2/2+"(r)> 0 (Spitzer 1987), and the total gravitational
potential "(r) is the sum of the contribution from the nuclear
cluster plus the hole. During our simulations, the stellar dis-
tribution and its resulting gravitational potential change sub-
stantially inside rh only—the region over which the MBH’s
potential is dominant—so we keep the contribution from the
stars to total "(r) fixed throughout. This system of FP equa-
tions treats self-consistently both dynamical friction and two-
body scattering between all components, without any further
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methods is in good agreement and !H ! r−!H , where "H decreases from val-
ues! 2 down to ! 7/4 while moving from the strong to the weak branch of
the solution.
approximations other than those inherent to the FP formalism.
In contrast with Merritt (2009), our treatment is not limited
to early evolution where the heavy component is just a small
perturbation on the (time evolving and dominant in number)
light component. As a result, we can follow both weak and
strong branches of the solution throughout without restriction.
We solve the FP equations (2, 3) using the Chang & Cooper
(1970) integration scheme.

4. RESULTS
The density of stars around the MBH increases as the cusp

grows for both light and heavy components until it reaches a
quasi-steady state; afterwards, the lights start to slowly ex-
pand. This can be seen in Figure 1, where the mass in-
side a sphere of 0.1rh, centered on the MBH, is depicted
as a function of time. This distance is measured with re-
spect to the instantaneous position of the MBH. Both curves
from FP and NB are shown together for three different runs
with # = 0.08,0.23 corresponding to strong segregation and
# = 13.2 to weak segregation branches. The time scaling
between NB and FP is related through TFPrlx = ln!/N TNBrlx ,
and no further adjustements were made. In the three cases
shown (as in all others cases tested but not shown), the agree-
ment between both methods is very good, although there is
a noticeable tendency for the heavy particles in the NB runs
to segregate more strongly in the central cusp—this is espe-
cially the case in the strong branch. Figure 1 also suggests
that a quasi-steady state (and maximum central concentra-
tion) have been reached by the end of the runs correspond-
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FIG. 1.— Evolution of stellar mass within 0.1 rh from the MBH, for light (3
upper panels) and heavy (3 lower panels) components. Noisy curves are from
N-body integrations; smooth curves are from the Fokker-Planck evolution.

isotropic, Fokker-Planck equation in energy space is defined,
for each component (Spitzer 1987; Chernoff & Weinberg
1990), by
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In this equation, i, j run from 1 to Nc (the number of mass
components), µi = mi/m! where m! = 1/N is a reference
mass. p(E) = 4
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phase-space accessible to each (bound) star of specific energy
E = −v2/2+"(r)> 0 (Spitzer 1987), and the total gravitational
potential "(r) is the sum of the contribution from the nuclear
cluster plus the hole. During our simulations, the stellar dis-
tribution and its resulting gravitational potential change sub-
stantially inside rh only—the region over which the MBH’s
potential is dominant—so we keep the contribution from the
stars to total "(r) fixed throughout. This system of FP equa-
tions treats self-consistently both dynamical friction and two-
body scattering between all components, without any further
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at the end of the integrations. N-body and Fokker-Planck curves are super-
imposed for comparison. Left panels show !L(r) for the light component;
right panels show !H (r) for heavy component. The arrows signal the location
of 0.1rh and rh radii. These plots highlight the asymptotic solution of both
methods is in good agreement and !H ! r−!H , where "H decreases from val-
ues! 2 down to ! 7/4 while moving from the strong to the weak branch of
the solution.
approximations other than those inherent to the FP formalism.
In contrast with Merritt (2009), our treatment is not limited
to early evolution where the heavy component is just a small
perturbation on the (time evolving and dominant in number)
light component. As a result, we can follow both weak and
strong branches of the solution throughout without restriction.
We solve the FP equations (2, 3) using the Chang & Cooper
(1970) integration scheme.

4. RESULTS
The density of stars around the MBH increases as the cusp

grows for both light and heavy components until it reaches a
quasi-steady state; afterwards, the lights start to slowly ex-
pand. This can be seen in Figure 1, where the mass in-
side a sphere of 0.1rh, centered on the MBH, is depicted
as a function of time. This distance is measured with re-
spect to the instantaneous position of the MBH. Both curves
from FP and NB are shown together for three different runs
with # = 0.08,0.23 corresponding to strong segregation and
# = 13.2 to weak segregation branches. The time scaling
between NB and FP is related through TFPrlx = ln!/N TNBrlx ,
and no further adjustements were made. In the three cases
shown (as in all others cases tested but not shown), the agree-
ment between both methods is very good, although there is
a noticeable tendency for the heavy particles in the NB runs
to segregate more strongly in the central cusp—this is espe-
cially the case in the strong branch. Figure 1 also suggests
that a quasi-steady state (and maximum central concentra-
tion) have been reached by the end of the runs correspond-
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Figure 13. Time evolution of the stellar mass enclosed in the MBH influence sphere, for each species, in the post-merger models.

Figure 14. Density profiles for MS stars and BHs at different times (0.2, 0.5, 1, 2, 3) Tr during the post-merger phase. Thick solid lines indicate profiles at the beginning
of the post-merger phase. Dotted lines indicate rm.
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Figure 2. Lagrange radii of the four stellar species during the N-body
integrations of the initial model shown in Figure 1. This plot is based on the
roughly one million particles in the eight independent integrations of that model
generated with different random number seeds. Red: 1 M! main-sequence stars;
green: 0.6 M! white dwarfs; blue: 1.6 M! neutron stars; and black: 10 M!
stellar BHs. The BHs form a dense cluster around the MBH in approximately
one, central relaxation time as defined by the main-sequence stars. The lighter
populations are pushed slightly outward during this time. Scaled to the Milky
Way, the approximate unit of length is 10 pc.

used the direct-summation N-body code !GRAPE (Harfst et al.
2007), integrating each model on one node of the RIT GRAPE
cluster. Figure 2 shows the evolution of the Lagrange radii for
the four mass groups. This figure combines data from the eight
independent N-body integrations; the total number of particles
represented is roughly one million. The stellar BHs (of total
number 8 " 635 = 5080) accumulate toward the center; by
t = 200, their distribution appears to have reached a steady
state inside #0.1 $ 1 pc. The lighter populations evolve less, as
expected, since their distribution was close to the steady-state
form at the start (by design). The final density profiles of the four
populations are shown in Figure 1. The BHs follow " # r%2

at r ! 0.1 $ 1 pc, and they dominate the total (mass) density
inside r $ 0.007 $ 0.07 pc. The density cusp defined by the
less massive populations is nearly unchanged aside from a slight
expansion due to heating by the BHs.

The mass-segregated model was then imbedded into a more
extended, unsegregated model with four times the total mass.
The template for this larger model is shown as the thick dot-
ted line in Figure 1. It follows the same density law as in
Equation (3), but with larger scale length r &

PS. The imbed-
ding was achieved as follows: smoothed density profiles were
constructed from each of the four mass groups in the evolved
N-body model (the same functions plotted in Figure 1). These
smooth profiles were then matched onto the density of the
extended model at a radius #0.3rPS; beyond this radius, es-
sentially no evolution occurred in the N-body integrations and
so the N-body density profiles (with appropriate vertical scal-
ings) matched well onto the analytic profile. A small degree of
smoothing was nevertheless necessary near the matching radius
to keep the first derivatives of the density continuous. Finally,
small (a few percent) adjustments were made in the vertical
normalizations of the four density profiles in order to recover
precisely the original ratios between the total numbers of the
four species.

Table 1
Galaxy Merger Parameters

M1:M2 M•/Mgal MMS/M• N1 N2 !r/R1 rh rm

3:1 0.005 0.0005 400k 120k 1.5 0.10 0.28

The total mass of this extended model was 200 times the
MBH mass. Since observed bulge masses are #103 M•, such
a model can be interpreted as comprising the innermost #20%
of a real bulge. In what follows, we refer to this model as “the
bulge.”

N-body realizations of the bulge models were then con-
structed in the same way as described above. Two such mod-
els were required for each merger simulation. We considered
unequal-mass mergers with a mass ratio of 3:1. The radius of
the smaller bulge was scaled as the square root of the bulge
mass. Particle masses (aside from the MBH particle) were the
same in the two bulges, i.e., particle number scaled linearly with
total mass.

Table 1 lists the important parameters of the merging systems:
the mass ratio of the two MBHs (equal to the galaxy mass ratio),
the ratio of MBH mass to host bulge mass, the ratio of the
MS stars mass to MBH mass, the number of particles in each
galaxy, and the initial separation between the bulge centers, !r ,
expressed in units of the outer radius of the larger bulge, R1. The
table also gives the influence radius associated with the MBH
in the larger galaxy, under two definitions. In addition to the
first definition given in Equation (1), we also compute a second,
mass-based influence radius: the radius rm that contains a mass
in stars equal to twice the MBH mass:

M#(r < rm) = 2 M•. (6)

The mass-based definition is the most straightforward to apply
in N-body models like ours; in computing rh, a choice must
be made about the radius at which to evaluate $ , and this,
combined with the need to bin particles, can lead to a factor of
# two uncertainties in rh. The values of rh and rm in Table 1
refer to the larger of the two galaxies.

The two bulge models were placed far enough apart initially
that there was no overlap, but not much farther, in order
to minimize the integration time. Two relative orbits were
considered: a circular orbit (Model A), and an eccentric orbit
in which the initial relative velocity was set to 0.7 times the
circular value (Model B).

The merger simulations were also carried out using !GRAPE,
both in combination with GRAPE hardware at the Rochester
Institute of Technology and with GPU hardware at the Max-
Planck Institute for Astrophysics in Garching by means of the
Sapporo library (Gaburov et al. 2009). We conservatively set
the accuracy parameter (Harfst et al. 2007) to 0.005 and the
softening to 10%4 (in N-body units). Such small values of the
softening and accuracy parameters were necessary to accurately
follow the dynamics of the massive binary.

The simulations were continued until the two MBH particles
had formed a tight binary and the binary separation had
shrunk by an additional factor of #20. At this time, the two
MBH particles were combined into a single particle, which
was placed at the center-of-mass position and velocity of the
binary. A random subset of particles was then chosen from
this model, yielding a new model with the same phase-space
distributions of the four components but a smaller total N.
This “merged galaxy” model was then integrated forward, for
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integration. These functions were then “spliced” onto a
larger, unrelaxed model, at a radius where the effects of
mass segregation were essentially zero. This larger model
had a mass of 200 M•, or roughly 1/5 the mass of an entire
stellar spheroid.

3. The smooth functions representing the different mass com-
ponents in this larger model were used to generate Monte
Carlo positions and velocities as initial conditions for the
N-body integrations.

4. Two such N-body models, with different total masses and
radii, were placed in orbit around each other and integrated
forward until the two MBH particles had formed a tightly
bound pair at the center. At this time, the merged galaxy
contained a large, low-density core created by the binary
MBH.

5. The two MBH particles were combined into a single particle
and the merged galaxy was re-sampled using a smaller N.
This model was then integrated forward for a few central
relaxation times, allowing the different mass groups to again
evolve toward a collisional steady state near the center.

In more detail, the mass-segregated models described in step
1 were created as follows.

Initial conditions were generated from a density law having
roughly the expected, steady-state distribution near the MBH.
We used the modified Prugniel-Simien model described by
Terzić & Graham (2005), which has a central density cusp of
adjustable slope:
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Setting # = 3/2 in the first term gives ! $ r"3/2 near the
center, which is close to the collisionally relaxed density profile
expected for the dominant population in a multi-mass cusp
(e.g., Hopman & Alexander 2006). The parameter rs determines
the extent of the cusp; in relaxed, single-component models,
rs % 0.2rh (e.g., Merritt & Szell 2006). The parameter p sets the
power-law slope beyond the central cusp; we set p = 0.5, i.e.,
a relatively constant density like that of the nuclear stellar disk
of the Milky Way. The two final terms on the right hand side
of Equation (3) mimic a deprojected Sérsic-law galaxy, with n
the Sérsic index; the parameter b can be related to n if rPS is
identified with the effective radius (Terzić & Graham 2005). In
our case, the exponential term is invoked only to provide a sharp
truncation to the model outside of $ a few rh; we set n = 1.5.
Given these parameters, and setting " = 4, we could then solve
for the cusp radius rs in units of the model scale-length rPS:
rs % 0.05rPS. The result is shown as the thin dotted curve in
Figure 1.

This initial model was assigned a mass of 50 M•. If we equate
M• and rh with their values in the Milky Way (respectively
$4 # 106 M& and $2.5 pc), the unit of length is $10 pc and
the total mass is $2 # 108 M&. Henceforth we refer to this
subsystem as the NSC.

The NSC model was assumed to be made up of four
discrete mass groups. The relative values of the particle masses
were 1:0.6:1.4:10. These represent, respectively, one-solar-
mass main-sequence stars (MS), white dwarfs (WD), neutron
stars (NS), and 10 M& BHs. The relative numbers of the four
populations were set to

NMS:NWD:NNS:NBH = 1:0.2:0.02:0.005, (4)

Figure 1. Thin dotted (black) curve is the density profile of the initial, non-
mass-segregated model, Equation (3). Other curves show mass density profiles
of the four species after integration for $1.5 central relaxation times: 1 M&
main-sequence stars (thin, red); 0.6 M& white dwarfs (dashed, green); 1.6 M&
neutron stars (dash-dotted, blue); and 10 M& stellar black holes (thick, black).
Each curve represents the combined density of eight independent integrations
with 132k particles. Scaled to the Milky Way, the unit of length is approximately
10 pc and the total mass is approximately 2 # 108 M&. Thick dotted (black)
curve shows the second, more extended analytical model into which the mass-
segregated cusp was imbedded; this model has four times the mass of the first
model.

independent of radius. In reality, these fractions would depend
on the IMF and the star formation history. Standard values
are

NMS:NWD:NNS:NBH % 1:0.1:0.01:0.001 (5)

(e.g., Alexander 2005). By comparison, our model contains
roughly twice the numbers of WDs and NSs and five times
the number of BHs. This was done in order to improve the
statistics for the remnant populations, particularly the BHs. Our
choices could also be seen as corresponding to a “top-heavy”
IMF (e.g., Maness et al. 2007). In our post-merger simulations,
we explored the consequences of varying these ratios.

Initial positions and velocities of particles from the four mass
groups were generated in a standard way. (1) The gravitational
potential !(r) was computed from the known mass distribution
(Equation (3)) plus the central MBH particle. (2) The function
N (<v, r), the cumulative distribution of velocities at each
radius, was computed as in Szell et al. (2005) from !(r) and
!(r), assuming an isotropic velocity distribution. (3) Monte
Carlo positions and velocities were generated from N (<v, r)
for each of the four mass groups, with the relative numbers
given by Equation (4).

We generated eight such models, each containing 131,071
particles, using different initial seeds for the random number
generator in each case. We then independently integrated these
eight models forward for a time corresponding to roughly 1.5
central relaxation times as defined by Equation (7) (using for m
the mass of an MS particle). The initial relaxation time (which
is independent of radius near the MBH in a ! $ r"3/2 cusp)
was roughly 130 in model units (G = M = rPS = 1). We
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  Comparison with the observed e-distribution 
 

	  	  	  	  	  Good	  match	  to	  observa.ons	  obtained	  amer	  ~10	  Myr	  (roughly	  the	  age	  of	  the	  S-‐star	  cluster).	  	  
However,	  steep	  density	  cusp	  models	  are	  required!	  
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